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Abstract—Weexaminethe sensitivity of optimal rout-
ing policies in ad hoc wir elessnetworks with respectto
estimation errors in channelquality. We consideran ad
hoc wir elessnetwork where the wir elesslinks fr om each
nodeto its neighborsaremodeledby a probability distri-
bution describing the local broadcastnature of wir eless
transmissions. Theseprobability distrib utions are esti-
mated in real-time. We investigatethe impact of estima-
tion errors on the performanceof a setof proposedrout-
ing policies.

I . INTRODUCTION

Dueto thevariability anduncertaintyin thebehavior
of the wirelesschannel,wirelessnetworks shouldbe
modeledasstochasticsystems.Hence,serviceprovi-
sioningandresourceallocationissues(suchasadmis-
sioncontrol,routing,etc.) in wirelessnetworksarebest
modeledas stochasticschedulingand stochasticcon-
trol problems,wherethe wirelesslinks are described
by stochasticprocesses.The statisticsof any wireless
link dependson the physicalchannel(additive noise,
pathloss,shadowing, fading,etc.),thenumberof users
that usethe link simultaneously, and the users’trans-
missionstrategies. Generallytheoverall structureand
statisticalbehavior of thesystem,e.g.themarginal and
joint distributionsof the processesinvolved is studied
andmodeledoff-line, while the particularparameters
of suchmodels,e.g.meanandcovariance,are left to
beestimatedin areal-timemeasurement-basedfashion.
For instance,a single-hopwirelesslink might bemod-
eled as an independentidentically distributed binary
symmetricchannel,whosetransmissionerrorprobabil-
ity pe is estimatedon-line. In suchsystemsthecontrol
strategy regulatesall communicationsandcan poten-
tially provide informationon thestatisticsof thewire-
lesschannels.Hencetheestimationproblemcombined
with the control issuesshouldbe ideally studiedasa
stochasticcontrolproblemwith imperfectinformation.

Stochasticcontrol problemswith imperfect informa-
tion aredual control problemsthat addressjoint esti-
mationandcontrolproblems[3]. Theinformationstate
[3] for theseproblemslies in an infinite dimensional
spaceeven whenthe statespaceandactionspaceare
finite. This featuremakessuchdual control problems
analyticallyandcomputationallydifficult. An alterna-
tive approachis to decouplethecontrolproblemfrom
theestimationissues.Suchanapproachprovidesa pa-
rameterestimationalgorithmoperatingindependentof
the control decisionsand then it feedsthe estimated
parametersinto a controller designedunder the per-
fect information assumption. Following suchan ap-
proach,serviceprovisioning in wirelessnetworks can
beaddressedby thefollowing threestepprocedure:(i)
Off-line modelingof theoverall statisticalbehavior of
the wirelesslinks; (ii ) specificationof the parameters
associatedwith the wirelesslinks, basedon real-time
measurementsandthroughparameterestimationalgo-
rithms;and(iii ) determinationof optimalserviceprovi-
sioningstrategiesassumingthat theresultsof steps(i)
and(ii ) describethesystem’s truestochasticbehavior.
As expected,thereareerrorsassociatedwith the esti-
mationtechniquesusedin (ii ) andtheaccuracy of the
estimatedparametersarelimited to theemployedesti-
mationalgorithm’serrormargin. Ontheotherhand,the
optimal control strategy resultingfrom (iii ) is guaran-
teedto beoptimalonly for theparticularvaluesof pa-
rametersgivenby (ii ). In otherwords,theperformance
of suchpolicy deterioratesasthedistancebetweenthe
estimatedbroadcastmodelandthetruemodel(estima-
tion error) increases.Hence,it is vital to quantify the
loss in performanceof the proposedrouting strategy
with respectto theaforementionedestimationerrors.

In this paperwe presenta sensitivity analysisof a
known optimal(with respectto anenergy consumption
criterion)routingpolicy in astochasticadhocnetwork.
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�

analysisis basedon the modelandresultsof [5]
and[4]. In [5], theauthorsinvestigatea time-invariant
network routing problemwherea probabilisticmodel
for wirelesslocal broadcastsis used(seeFig. 1). Un-
der the assumptionthat the transmissionprobabilities
of thelocalbroadcastmodelfor eachnodeareprecisely
known, theexistenceof anoptimalpriority policy with
time-invariantindicesis shown. As expected,thesein-
dicesdependon the parametersof the local broadcast
model. Furthermore,theauthorsprovide a distributed
implementationof the optimal policy. We investigate
thesensitivity of this priority policy with respectto er-
rors in theknowledgeof theaforementionedtransmis-
sion probabilities,and analytically determinethe im-
pact of errors in the broadcastmodel on the perfor-
manceof the optimal policy. We quantify this impact
asfollows: (i) weconstructpoliciesπ̃ andπ � astheop-
timal solutionsto the true modelP andthe estimated
modelQ, respectively; and(ii ) we boundthedistance
betweentheperformanceof the two policies π̃ andπ �
by a term proportionalto thedistancebetweenbroad-
castmodelsP andQ (estimationerror).Weextendthis
result to the distributed constructionof the decentral-
izedoptimalroutingstrategy.

Theremainderof this paperis organizedasfollows.
In Part II, we formulatethe problemwe analyze. In
Part.II.A we first presentthe formulation of the rout-
ing problemin anadhocnetworkswith perfectknowl-
edgeof broadcastmodels,providesomeusefulnotation
anddefinitions,andstatetheresultgivenby [5] on the
structureof the optimal routing strategy. In Part II.B
we formulatethesensitivity problem,constructexam-
ples,andprovide a relationshipbetweenerrorandloss
of performance.In part III, we briefly discussthe ex-
tensionof our resultto thedistributedcomputationand
constructionof optimal routing policies in a network
with distributedinformationanddecentralizedcontrol.

I I . PROBLEM FORMULATION

Wefirst revisit thefollowing problem(Problem(P1))
formulatedin [5], andstatetheresultsprovedin [5] that
arenecessaryfor ouranalysis.Basedon Problem(P1),
weformulateProblem(P2) which is aninvestigationof
thesensitivity of theoptimalroutingpolicy with respect
to errorsin estimationof theprobabilitiesof successful
transmission.
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Fig. 1. Ad hoc wirelessnetwork with probabilistic
local broadcastmodel

A. Problem(P1): StatementandResults

A.1 Model (M ): NotationsandPreliminaries
We begin by briefly defining notationsand stating

definitionsfor thesystemmodel,which we refer to as
Model (M ), underconsideration.As discussedin [5],
Model (M ) is probabilisticandcontrol is centralized,
meaningthat thecontrollerhasaccessto all the infor-
mationavailableat the network. A descriptionof the
elementsof this network modelis givenbelow.

N is thenumberof nodesin thenetwork.
ω ��� 1 ��������� N 	 , thesetof all nodes.So 
ω 
�� N.
S � ω refersto a stateof thesystem,definedasthe

setof nodeswhichhavereceivedthemessage.St refers
to thestateat time t.

Wedefine
 : ��� S: S � ω 	 .
WewritePi � S��
S� to indicatetheprobabilityof reach-

ing stateS� from stateSwhenchoosingi for transmis-
sion,i � S. Wewrite Pi � S
 i � asshorthandfor Pi � S
�� i 	�� .

We refer to P ��� Pi � S��
S��	 i � S��� S as the broadcast
model.

WedefinePi j : � ∑S:i � j � SPi � S
 i � .
We assumethat transmissioneventsat a givennode

are i.i.d., and transmissionevents are independent
amongall nodes.

j is calledaneighborof i if Pi j � 0.
Given the local broadcastmodelP, � P

� i � is theset
of all neighborsof i, togetherwith i itself. Note that
Pi j  � Pj i is permitted.

Definition1 (IncreasingProperty) Model(M ) is said
to be increasingif for any systemrealizationunderany
policy wehave St2 ! St1 �#" t1 �$" t2 � t1.

Definition2 (DecouplingProperty) Model (M ) is
said to be decoupledif transmissionsuccessto a set
of neighborsfrom a nodeat a giventime is unaffected
by whichothernodesalreadyhave themessage.



We assumethat Model (M ) is both increasingand
decoupled.

R: 2ω %'&)( is therewardfunction,andRi : � R� � i 	�� .
Also Rmax : � maxi � ω Ri.

π is aMarkov policy.
We write π � S�*� i to indicatepolicy π selectstrans-

missionatnodei whenin stateS.
We write π � S�)� r to indicatepolicy π retiresand

receivesrewardR� S� whenin stateS. For convenience
we write π � S�)� r i as shorthandthat policy π retires
andreceivesRi � i � S. In this case,we saythatpolicy π
retiresandreceivesthereward of nodei.

By π � S�  � i � r i , wemeanbothπ � S�  � i andπ � S�  � r i .
By π � S�+� π̃ � S� , we meaneitherπ � S�+� π̃ � S�+� i, or

π � S�+� π̃ � S�,� r i , for somei.
Eachtransmissionfrom nodei incursa costof ci .
We next formulate the centralizedversion of the

stochasticroutingproblemwith time-invariantparame-
ters.

A.2 Statementof Problem(P1)
Problem(P1)

We considerthe transmissionof a single message,
from agiveninitial stateS0 (i.e. agivensetof nodes)to
asetof destinationstates,in a wirelessadhocnetwork
of N nodesdescribedby Model (M ) in which thetran-
sitionprobabilitiesaregivenby thebroadcastmodelP.
Transmissioninstancesoccur at discretetime points.
Eachtransmissionfrom a given node i incursa fixed
costci � 0. Accordingto Model (M ): (i) at eachtrans-
missioninstancethe transmittingnodeis chosenby a
centralcontroller that always knows the currentstate
of thesystem(i.e. thesetof nodesthathave themes-
sage);(ii ) nodetransmissionsarelocal broadcasts,that
is, multiple neighbornodesmayall simultaneouslyre-
ceive themessage;(iii ) giventhenodechosento trans-
mit, the probability that a given setof nodesreceives
themessageis known andfixed; (iv) Thecentralcon-
troller is informed,withoutany cost,asto whichnodes
receivethemessage.Controlinformationflow between
thenodesandthecontrolleris consideredfreeof energy
andinstantaneousin time; (v) eachtransmissionevent
is assumedindependentof thosebeforeandafter;(vi) a
rewardfunctionR is specified.At any instance,thecen-
tral controller can terminatethe transmissionprocess
or chooseto continuetransmitting.Theobjective is to
choose:(i) the nodeto transmitat eachtransmission

instance,and (ii ) the instanceto terminatethe trans-
missionprocess,to maximizeoverall Markov policies,

Jπ
P
� S0 �+� E

-
R� Sf �/. τ 0 1

∑
t 1 1

ci 2 t 354 �
whereπ is thetransmission/termination policy thecon-
troller follows,τ is thetimewhenthetransmissionpro-
cessis terminatedunderpolicy π, Sf is the stateat τ,
and i � t � is thenodechosenby the transmissionpolicy
at time t, Jπ

P
� S� is theexpectedrewardwhenstartingin

stateS underpolicy π underlocal broadcastmodelP.
Restrictionto Markov policiesdoesnot entailany loss
of optimalitybecauseProblem(P1) is astochasticcon-
trol problemwith perfectobservations[3]. Noticethat
Model (M )andProblem(P1) canalsoaddresstheopti-
mal routingandhopselectionin networkswherenodes
have a setof transmissionpowers to selectfrom (see
[5]).

Mathematically, Problem(P1) is parameterizedby a
tuple � N � P� c � R� .
A.3 Results:OptimalRoutingin Problem(P1)

In this section,we summarizethe resultsin [5] that
are relevant to our work. To presenttheseresultswe
needthefollowing definitions:

Definition3: A Markov policy π is a priority pol-
icy if thereis a strict priority orderingof thenodess.t." i � ω we have π � S 67� i 	��8� π � � i 	��+� i or r i �$" S � Ωπ

i ,
whereΩπ

i is thesetof nodesof priority lower thani.
Definition4: For priority policy π, we write i � π j

wheni hashigherpriority than j underπ.
Now we statethefollowing factsfrom [5]
Fact.1: For priority policy π we have Jπ

P
� S�9�

Jπ
P
� � π � S��	:�8� Jπ

P
� � i 	;� , wheni � π j for " j � S .<� i 	 .

This fact holdsby the decouplingpropertyand the
definitionof apriority policy.

Fact.2: Thereis an optimal Markov policy π � for
Problem(P1) whichis apriority policy whoseexpected
rewardhasthefollowing property:

Jπ =
P
� S�8� max

i � S
Jπ =

P
� � i 	;�

Fact.3: UndertheoptimalMarkov policy π � theex-
pectedrewardfor eachnodei definesanindex Jπ =

P
� � i 	;� .

This index, in turn, definestheoptimalorderingof the
nodesandtheactionstakenat thesenodes;i.e.

Jπ =
P
� � i 	;� � Jπ =

P
� � j 	;�>�8? i � π = j

i � π = j �8? Jπ =
P
� � i 	@�*A Jπ =

P
� � j 	:�



All thesefactswhich areproved in [5] establishan
optimal routing (priority orderingof nodes)underthe
assumptionthat P is fixed andknown. In reality P is
not known but hasto be estimated(seediscussionin
[5]). Hence,the presenceof estimationerrorsraises
theimportantissueof thesensitivity of theresultsin [5]
with respectto (small) variationsin P. This motivates
thesensitivity analysispresentedin thispaper.

B. SensitivityAnalysis:ProblemFormulation

ConsiderProblem(P1) associatedwith two setsof
parameters,� N � P� c � R� and � N � Q � c � R� , describingthe
trueandestimatedmodelsof thesystem,respectively.
Accordingto the resultsgiven in SectionII-A.3 there
exists an index policy π � which is an optimal routing
policy for Problem(P1) with parameters� N � P� c� R� .
At thesametime theoptimalsolutionto theestimated
model, � N � Q � c � R� , is an index policy π̃ that is not op-
timal for the true model � N � P� c � R� , in general. Pol-
icy π̃ is appliedto the systemwith the true broadcast
model (distribution) P. We are interestedin: (i) De-
termination/quantifying thedifferencebetweentheper-
formanceof policy π̃ in such a systemand the best
possibleperformance,achievedby π � . (ii ) Relatingthe
aforementioneddifferenceto a quantitydescribingthe
errorin estimationof the(true)broadcastmodel.

To quantify thedifferencespecifiedin (i) we define
an appropriatemetric on the spaceof all routing poli-
cieswhich capturesthemaximumlossof performance
whena policy is appliedto the systemwith modelP.
We definethedistancebetweenπ1 andπ2 at stateSin
thecontext of thedistribution P as

dP
� π1 � π2 � S� : �B
 Jπ1

P
� S�C. Jπ2

P
� S�5
D�

Wedefinethedistancebetweenpoliciesπ1 andπ2 in
thecontext of distribution P as

dP
� π1 � π2 � : � max

S

 Jπ1

P
� S�C. Jπ2

P
� S�5


To relatethedifferencespecifiedin (i) to theestima-
tion errorin the(true)broadcastmodelwefirst quantify
this error by defininga distancemeasurebetweenthe
truebroadcastmodelP andtheestimatedmodelQ. We
usethe total variationmetric for this purpose(see[6],
and[1]). Thetotalvariationdistancebetweentwo local
broadcastmodels,P andQ, describingtheprobabilities
of transmissionsuccessfor nodei, is definedas

σ � Pi � Qi �8� sup
A E;FHGGGGG

∑
S� � A I Pi � S� 
 i �C. Qi � S� 
 i �KJ GGGGG

�
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Fig. 2. Example1.

Basedon the above we reformulatethe following
sensitivity analysisproblem.

Problem(P2)

ConsiderProblem(P1) for two setsof parameters,� N � P� c � R� and � N � Q � c � R� , describingthe trueandes-
timatedmodelsof the system,respectively. Let π � be
an optimal routing policy for Problem(P1) with pa-
rameters� N � P� c � R� , and π̃ be an optimal routing pol-
icy for Problem(P1) with parameters� N � Q � c � R� . The
objective is to determinethedistancebetweenpolicies
π̃ andπ � in the context of P, andrelatethis distance,
if possible,to the total variationdistancebetweenthe
estimatedmodelQ and the true systemmodelP, i.e.
maxi σ � Pi � Qi � .
C. SensitivityAnalysis:Results

In SectionII-C.1 we show that, in general,the op-
timal routing canbe extremelysensitive to estimation
error, i.e. thereexist scenarioswherea small error in
estimationcandeterioratetheperformanceof thecon-
structedpriority policy unboundedly. In SectionII-C.2
we assumethat thepercentileof error is bounded.We
show that undersuchassumptionthe loss of perfor-
manceis boundedby a term proportionalto the esti-
mationerror.

C.1 Example
Consider the simple network given by Fig. 2.

We assumethat the probabilitiesof successfultrans-
mission are given by the true model P and the
estimated values of these probabilities are given
by model Q. The value of these transmission
probabilities are P1 � � 2 � 3 	�
 1�L� Q1 � � 2 � 3 	�
 1�M� 0,
P1 � � 2 	�
 1�N� Q1 � � 2 	�
 1�,� p, P2 � � 1 	�
 2�N� Q2 � � 1 	�
 2�N�
p, P2 � � 1 � 3 	�
 2�O� Q2 � � 1 � 3 	�
 2�O� 0, and finally
P2 � � 3 	�
 2�P� Q2 � � 3 	�
 2�P� p. Furthermore,we assume
P1 � � 3 	�
 1�8� 0 while Q1 � � 3	�
 1�+� δ. Assumethatnode
i hastransmissioncostsci , i � 1 � 2; Rewardis zerofor
thefirst two nodes,andis equalto R at thedestination;
And the costof transmissionat node2 is muchlarger
thanthecostof transmissionat node1, i.e. c2 Q c1.



In this examplethe total variationdistancebetween
the two broadcastmodelsP andQ, i.e. maxi σ � Pi � Qi � ,
is δ. Policiesπ � and π̃ aretheonly candidatesfor the
optimalpolicy in thisexampleandunderthesepolicies
we have 1 R π = 2 R π = 3 and2 R π̃ 1 R π̃ 3. Thedistance
betweenthesetwo policiesin the context of P is infi-
nite, sinceJπ̃

P
� � 1 	:�S� ∞. Herewe show that even for

a smalldistancebetweenmodelsP andQ, i.e. smallδ,
policy π̃ canbe selectedasthe optimal policy (dueto
its optimality in thecontext of Q), hencecausinganun-
boundedlossof performance.To prove this, we write
theexpectedrewards:

Jπ =
Q
� � 2 	;�8� R . c2

p
Jπ =

Q
� � 1 	:�,� R . c1 T c2

δ T p

Jπ̃
Q
� � 1 	;�8� R . c1

δ
Jπ̃

Q
� � 2 	;�+� R . c2

2p
. c1

2δ
Since c2 Q c1, there exists a (small) δ for which

Jπ =
Q
� � i 	:�VU Jπ̃

Q
� � i 	;� , i � 1 � 2, i.e. π̃ is selectedas the

optimal policy. This exampleillustratesthat, in gen-
eral, a small error in channelestimationcancausean
unboundedlossof performance.
C.2 Analysisof Problem(P2)

In this sectionour goal is to boundthedistancebe-
tweentwo policiesπ̃ andπ � by a termproportionalto
thedistancebetweenbroadcastmodelsP andQ. As il-
lustratedin ExampleII-C.1, this is notpossiblein gen-
eral.Thatis why wemakethefollowing assumptionon
thenatureof theestimationerror.

Assumption1: For any nodei, thereexists Mi R ∞
suchthatQi � S
 i �/. Pi � S
 i �WU MiPi � S
 i �X�

Intuitively, Assumption1 hastwo significantimpli-
cations.First, it impliesthat thenetwork topologyun-
der theestimatedbroadcastmodelQ doesnot contain
links which do not really exist, i.e. " i �<� 1 � 2 ��Y�Y�YZ� N 	 ,� Q

� i �[�\� P
� i � . Second,the assumptionimplies that,

whenever there is a link betweennodesi and j, i.e.
Pi j � 0, thereis a finite boundMi which specifiesthe
maximumpercentileof error in the estimationof the
qualityof links connectedto nodei.

Undertheabove assumptionwe prove thefollowing
theoremwhich summarizesthemain resultof this pa-
per. For theproof of Theorem1, see[2]. Ourapproach
is inspiredby thegeneralframework proposedin [6].

Theorem1: UnderAssumption1, wehave

dP
� π � � π̃ �*U K max

j
σ � Pj � Q j �X�

whereK � ∑N
j 1 1

Rmax 2 Rmax0 Rj 3$2 M j ( 23
cj

�

I I I . DISTRIBUTED COMPUTATION OF THE

OPTIMAL POLICY

As mentionedin the introduction,thekey featureof
an ad hocnetwork is the absenceof centralcontrol or
computationunit. This featureunderlinesthe impor-
tanceof providing a distributedalgorithmfor thecom-
putationandimplementationof anoptimalpolicy. The
authorsin [5] provide three algorithmsaccordingto
which eachnodecan computeits optimal local rout-
ing decisionsbasedonly on the local informationand
local communicationwith its neighbors. Notice that
in thesedistributedalgorithms,eachnoderequiresin-
formation aboutits own local broadcastmodel. This
implies that, in practice,it is sufficient for eachnode
to estimatethebroadcastmodellocally. Consequently,
it is vital to study the sensitivity of the optimal local
decisionsin the presenceof error. In [5], it is shown
thatalmostin all practicalscenariosundertheproposed
algorithms,the local routing decisionsconvergesto a
stationaryindex policy equivalent to the index policy
describedin SectionII-A.3. This implies that,givena
sufficiently long time horizon,all of thesealgorithms
demonstrateidenticalperformancelossin thepresence
of estimationerror in broadcastmodel. And this loss
is relatedto theestimationerror in thesamefashionas
that of the centralizedindex policy discussedin Sec-
tion II-C.2, Theorem1.
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