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Abstract— We examinethe sensitvity of optimal rout-
ing policiesin ad hoc wir elessnetworks with respectto
estimation errors in channelquality. We consideran ad
hoc wir elessnetwork where the wir elesdlinks from each
nodeto its neighborsare modeledby a probability distri-
bution describing the local broadcastnature of wir eless
transmissions. These probability distrib utions are esti-
mated in real-time. We investigatethe impact of estima-
tion errors on the performance of a setof proposedrout-
ing policies.

|. INTRODUCTION
Dueto thevariability anduncertaintyin thebehaior

of the wirelesschannel,wirelessnetworks should be
modeledas stochasticsystems.Hence,serviceprovi-
sioningandresourceallocationissues(suchasadmis-
sioncontrol,routing,etc.)in wirelessnetworksarebest
modeledas stochasticschedulingand stochasticcon-
trol problems,wherethe wirelesslinks are described
by stochastigrocessesThe statisticsof ary wireless
link dependson the physicalchannel(additve noise,
pathloss,shadwing, fading,etc.),the numberof users
that usethe link simultaneouslyandthe users’trans-
missionstratgies. Generallythe overall structureand
statisticalbehaior of the systemg.g.themamginal and
joint distributions of the processesvolved is studied
and modeledoff-line, while the particularparameters
of suchmodels,e.g. meanand covariance,are left to
beestimatedn areal-timemeasurement-baséashion.
For instancea single-hopwirelesslink might be mod-
eled as an independenidentically distributed binary
symmetricchannelwhosetransmissiorerrorprobabil-
ity pe is estimateddn-line. In suchsystemshe control
stratgy regulatesall communicationsand can poten-
tially provide informationon the statisticsof the wire-
lesschannelsHencethe estimationproblemcombined
with the control issuesshouldbe ideally studiedasa
stochasticontrol problemwith imperfectinformation.
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Stochasticcontrol problemswith imperfectinforma-
tion are dual control problemsthat addresgoint esti-
mationandcontrolproblemd3]. Theinformationstate
[3] for theseproblemslies in an infinite dimensional
spaceeven whenthe statespaceand action spaceare
finite. This featuremakessuchdual control problems
analyticallyand computationallydifficult. An alterna-
tive approachs to decouplethe control problemfrom
the estimationissues.Suchanapproachprovidesa pa-
rameterestimationalgorithmoperatingindependenof
the control decisionsand thenit feedsthe estimated
parametersnto a controller designedunder the per
fect information assumption. Following suchan ap-
proach,serviceprovisioning in wirelessnetworks can
be addressetly the following threestepprocedure{i)
Off-line modelingof the overall statisticalbehaior of
the wirelesslinks; (ii) specificationof the parameters
associatedvith the wirelesslinks, basedon real-time
measurementandthroughparameteestimationalgo-
rithms;and(iii ) determinatiorof optimalserviceprovi-
sioningstratgiesassuminghatthe resultsof steps(i)
and(ii) describethe systems true stochastidoehaior.
As expected,thereare errorsassociatedvith the esti-
mationtechniquesisedin (i) andthe accurag of the
estimatedparameterarelimited to the employed esti-
mationalgorithms errormamgin. Ontheotherhand the
optimal control stratgy resultingfrom (iii) is guaran-
teedto be optimal only for the particularvaluesof pa-
rametergyivenby (ii). In otherwords,the performance
of suchpolicy deterioratessthe distancebetweerthe
estimatedroadcasmodelandthetrue model(estima-
tion error) increasesHence,it is vital to quantify the
lossin performanceof the proposedrouting stratey
with respecto the aforementione@stimationerrors.

In this paperwe presenta sensitvity analysisof a

known optimal (with respecto anenegy consumption
criterion)routingpolicy in astochasti@dhocnetwork.



Our analysisis basedon the modelandresultsof [5]
and[4]. In [5], the authorsinvestigatea time-irvariant
network routing problemwherea probabilisticmodel
for wirelesslocal broadcastss used(seeFig. 1). Un-
der the assumptiorthat the transmissiorprobabilities
of thelocalbroadcasmodelfor eachnodeareprecisely
known, the existenceof anoptimalpriority policy with
time-invariantindicesis shavn. As expectedthesein-
dicesdependon the parameter®f the local broadcast
model. Furthermorethe authorsprovide a distributed
implementationof the optimal policy. We investigate
the sensitvity of this priority policy with respecto er-
rorsin the knowledgeof the aforementionedransmis-
sion probabilities,and analytically determinethe im-
pact of errorsin the broadcastmodel on the perfor
manceof the optimal policy. We quantify this impact
asfollows: (i) we construcipoliciesitandrt* astheop-
timal solutionsto the true model P andthe estimated
model Q, respectiely; and(ii) we boundthe distance
betweenthe performanceof the two policies Tt and t*
by a term proportionalto the distancebetweenbroad-
castmodelsP andQ (estimationerror). We extendthis
resultto the distributed constructionof the decentral-
izedoptimalrouting strateyy.

Theremainderof this paperis organizedasfollows.
In Part Il, we formulatethe problemwe analyze. In
Part.Il.A we first presentthe formulation of the rout-
ing problemin anadhocnetworkswith perfectknowl-
edgeof broadcasinodels provide someusefulnotation
anddefinitions,andstatethe resultgivenby [5] onthe
structureof the optimal routing stratgy. In Part I1.B
we formulatethe sensitvity problem,constructexam-
ples,andprovide arelationshipbetweererrorandloss
of performance.In partlll, we briefly discussthe ex-
tensionof our resultto the distributedcomputatiorand
constructionof optimal routing policiesin a network
with distributedinformationanddecentralizedontrol.

[l. PROBLEM FORMULATION

Wefirst revisit thefollowing problem(Problem(P))
formulatedin [5], andstatetheresultsprovedin [5] that
arenecessaryor our analysis.Basedon Problem(P,),
we formulateProblem(P,) whichis aninvestigationof
thesensitvity of theoptimalroutingpolicy with respect
to errorsin estimationof the probabilitiesof successful
transmission.
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Fig. 1. Ad hoc wirelessnetwork with probabilistic
local broadcasimodel
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A. Problem(P1): StatemenandResults

A.1 Model (M): NotationsandPreliminaries

We bagin by briefly defining notationsand stating
definitionsfor the systemmodel,which we referto as
Model (M), underconsideration.As discussedn [5],
Model (M) is probabilisticand control is centralized,
meaningthat the controllerhasaccesgo all the infor-
mation available at the network. A descriptionof the
elementf this network modelis givenbelow.

N is thenumberof nodesin the network.

w={1,...,N}, thesetof all nodes.So|w| =

S C w refersto a stateof the system,definedasthe
setof nodeswhich have recevedthemessages§ refers
to thestateattimet.

We define§ := {S: SC w}.

Wewrite P'(S|S) toindicatetheprobabilityof reach-
ing stateS from stateS whenchoosingi for transmis-
sion,i € S Wewrite P'(Si) asshorthandor P'(S/{i}).

We refer to P = {P'(S|9)}igs as the broadcast
model.

We defineR,j := S g jesP'(S).

We assumeéhattransmissioreventsat a given node
are i.i.d., and transmissionevents are independent
amongall nodes.

j is calledaneighborof i if B; > 0.

Giventhe local broadcastmodel P, Ap(i) is the set
of all neighborsof i, togetherwith i itself. Note that
Rj # Pji is permitted.

Definition 1 (IncreasingProperty) Model (M) is said
to beincreasingif for ary systenrealizationunderary
policy wehae §, O §,;, Vi1, Vo > ty.

Definition2 (DecouplingProperty) Model (M)
said to be decoupledf transmissionsuccesdo a set
of neighbordrom a nodeat a giventime is unafected
by which othernodesalreadyhave the message.



We assumethat Model (M) is both increasingand
decoupled.

R: 2% — Rt istherewardfunction,andR; := R({i}).
AlsSO Rpax := maXc, R

Ttis aMarkov policy.

We write T(S) = i to indicatepolicy Tt selectdrans-
missionatnodei whenin stateS.

We write T(S) = r to indicatepolicy Tt retiresand
recevesreward R(S) whenin stateS. For corvenience
we write T(S) = r; as shorthandthat policy 1t retires
andrecevesR;,i € S In this casewe saythatpolicy Tt
retiresandreceiveghereward of nodei.

By 1(S) #i,r;, wemeanbotht(S) # i andt(S) # r;.

By 1(S) = T(S), we meaneitherty(S) = 7i(S) =i, or
(S) = T(S) =r;, for somei.

Eachtransmissiorfrom nodei incursa costof ¢;.

We next formulate the centralizedversion of the
stochastigouting problemwith time-irvariantparame-
ters.

A.2 Statemenof Problem(P;)
Problem(P1)

We considerthe transmissiorof a single message,
from agiveninitial stateS, (i.e. agivensetof nodes)o
asetof destinatiorstatesjn awirelessad hocnetwork
of N nodesdescribedby Model (M) in which thetran-
sition probabilitiesaregivenby the broadcasmodelP.
Transmissioninstancesoccur at discretetime points.
Eachtransmissiorfrom a given nodei incursa fixed
costc; > 0. Accordingto Model (M): (i) ateachtrans-
missioninstancethe transmittingnodeis chosenby a
centralcontroller that always knows the currentstate
of the system(i.e. the setof nodesthat have the mes-
sage){ii) nodetransmissiongarelocal broadcastghat
is, multiple neighbomodesmay all simultaneouslye-
ceive themessage(iii ) giventhenodechoserto trans-
mit, the probability that a given setof nodesreceves
the messagés known andfixed; (iv) The centralcon-
troller is informed,without ary cost,asto which nodes
receve themessageControlinformationflow between
thenodesandthecontrolleris consideredreeof enegy
andinstantaneous time; (v) eachtransmissiorevent
is assumednhdependentf thosebeforeandafter; (vi) a
rewardfunctionRis specified At ary instancethecen-
tral controller can terminatethe transmissiorprocess
or choose&o continuetransmitting. The objectve is to
choose: (i) the nodeto transmitat eachtransmission

instance,and (ii) the instanceto terminatethe trans-
missionprocessto maximizeover all Markov policies,
-1

t; Ci(t)} ;

whererttis thetransmission/terminatiopolicy thecon-
troller follows, T is thetime whenthetransmissiompro-

cessis terminatedunderpolicy 1T, S is the stateat T,

andi(t) is the nodechoserby the transmissiorpolicy

attimet, J5(S) is the expectedreward whenstartingin

stateS underpolicy Tt underlocal broadcasmodelP.

Restrictionto Markov policiesdoesnot entailany loss
of optimality becausé’roblem(P,) is a stochasticon-
trol problemwith perfectobserations[3]. Noticethat
Model (M)andProblem(P;) canalsoaddresghe opti-

mal routingandhopselectionin networkswherenodes
have a setof transmissiorpowersto selectfrom (see
[5]).

Mathematically Problem(P,) is parameterizethy a
tuple (N,P,c,R).

A.3 Results:OptimalRoutingin Problem(P;)

In this section,we summarizehe resultsin [5] that
arerelevantto our work. To presenttheseresultswe
needthefollowing definitions:

Definition3: A Markov policy Tt is a priority pol-
icy if thereis a strict priority orderingof the nodess.t.
Vie wwehave(SU{i}) = ({i}) =iorr;,¥vSC Qf,
whereQ["is the setof nodesof priority lower thani.

Definition4: For priority policy 11, we write i > |
wheni hashigherpriority than j underrt

Now we statethefollowing factsfrom [5]

Fact.1: For priority policy 1 we have J5(S)
(S }) =I5({i}), wheni > j for Vj € S—{i}.

This fact holds by the decouplingpropertyandthe
definitionof a priority policy.

Fact.2: Thereis an optimal Markov policy 1t* for
Problem(P1) whichis a priority policy whoseexpected
reward hasthefollowing property:

F(S)=E {R(Sr) -

I (9 = maxF ({i})
IS
Fact.3: UndertheoptimalMarkov policy T the ex-
pectedrewardfor eachnodei definesanindex J% ({i}).

Thisindex, in turn, definesthe optimal orderingof the
nodesandtheactionstaken atthesenodesj.e.

FAH>F{}) = i>n]
i>ej = FAIH=2FiD



All thesefactswhich are provedin [5] establishan
optimal routing (priority orderingof nodes)underthe
assumptiorthat P is fixed andknown. In reality P is
not known but hasto be estimated(seediscussionin
[5]). Hence,the presenceof estimationerrorsraises
theimportantissueof thesensitvity of theresultsin [5]
with respecto (small) variationsin P. This motivates
the sensitvity analysispresentedn this paper

B. SensitivityAnalysis:ProblemFormulation

ConsiderProblem(P1) associatedvith two setsof
parameters(N,P,c,R) and(N,Q,c,R), describingthe
true and estimatednodelsof the system,respectiely.
Accordingto the resultsgivenin Sectionll-A.3 there
exists anindex policy 1 which is an optimal routing
policy for Problem(P;) with parametergN,P,c,R).
At the sametime the optimal solutionto the estimated
model,(N,Q,c,R), is anindex policy Tt thatis not op-
timal for the true model (N,P,c,R), in general. Pol-
icy Ttis appliedto the systemwith the true broadcast
model (distribution) P. We areinterestedn: (i) De-
termination/quantifyig thedifferencebetweerthe per
formanceof policy 7t in sucha systemand the best
possibleperformanceachiered by 1. (ii) Relatingthe
aforementionedlifferenceto a quantitydescribingthe
errorin estimationof the (true) broadcasimodel.

To quantify the differencespecifiedin (i) we define
an appropriatemetric on the spaceof all routing poli-
cieswhich captureghe maximumlossof performance
whena policy is appliedto the systemwith modelP.
We definethe distancebetweenm and 1, at stateSin
the contet of thedistribution P as

dp(T, TR, S) := [Ip*(S) — J*(S)]-

We definethedistancebetweerpoliciesT andp in
the context of distribution P as
dp (10, T2) 1= Max|JF(S) — JF%(9)|

To relatethedifferencespecifiedn (i) to theestima-
tion errorin the(true) broadcasmodelwefirst quantify
this error by defininga distancemeasurebetweenthe
truebroadcasimodelP andthe estimatednodelQ. We
usethetotal variationmetric for this purpose(see[6],
and[1]). Thetotalvariationdistanceébetweertwo local
broadcasinodels P andQ, describingheprobabilities
of transmissiorsuccesgor nodei, is definedas

o(R,Qi) = sup SZ (P'(s1h—Q(sIh)
€A
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Source L
P Destinatior

VV p21 | 23 ® )

Fig.2. Examplel.

Basedon the above we reformulatethe following
sensitvity analysisproblem.
Problem(P5)

ConsiderProblem(P;) for two setsof parameters,
(N,P,c,R) and(N,Q,c,R), describingthe true andes-
timatedmodelsof the system, respectrely. Let 1t be
an optimal routing policy for Problem(P;) with pa-
rameters(N, P,c,R), and 7t be an optimal routing pol-
icy for Problem(P;) with parametergN, Q,c,R). The
objectie is to determinethe distancebetweerpolicies
ftand Tt in the context of P, andrelatethis distance,
if possible to the total variation distancebetweerthe
estimatedmodel Q andthe true systemmodelP, i.e.
max o(P, Q).

C. SensitivityAnalysis:Results

In Sectionll-C.1 we shaw that, in general,the op-
timal routing can be extremely sensitve to estimation
error, i.e. thereexist scenariosvherea small errorin
estimationcandeterioratehe performanceof the con-
structedpriority policy unboundedlyln Sectionll-C.2
we assumehatthe percentileof erroris bounded.We
shav that under such assumptionthe loss of perfor
manceis boundedby a term proportionalto the esti-
mationerror.

C.1 Example

Consider the simple network given by Fig. 2.
We assumehat the probabilitiesof successfutrans-
mission are given by the true model P and the
estimated values of these probabilities are given
by model Q. The value of these transmission
probabilities are P'({2,3}|1) = Q'({2,3}|1) = O,
PL({2}]1) = Q'({2}|1) = p, PA({1}[2) = Q({1}|2) =
p, P2({1,3}|2) = Q*({1,3}|2) = 0, and finally
P2({3}|2) = Q*({3}|2) = p. Furthermoree assume
P1({3}|1) = Owhile Q*({3}|1) = 8. Assumethatnode
i hastransmissiorcostsc;, i = 1,2; Rewardis zerofor
thefirst two nodesandis equalto R atthedestination;
And the costof transmissiorat node?2 is muchlarger
thanthe costof transmissioratnodel, i.e. c, > ¢;.



In this examplethe total variationdistancebetween
the two broadcastnodelsP andQ, i.e. max o(R,Q;),
is 8. Policiest* andft arethe only candidatedor the
optimalpolicy in this exampleandunderthesepolicies
we have 1 < 2 < 3and2 < 1 <7 3. Thedistance
betweenthesetwo policiesin the context of P is infi-
nite, sinceJ({1}) = ». Herewe shav thateven for
a smalldistancebetweemmodelsP andQ, i.e. small 9,
policy Tt canbe selectedasthe optimal policy (dueto
its optimality in thecontect of Q), hencecausinganun-
boundedossof performance.To prove this, we write
the expectedrewards:

% ((2)=R-2 R

B =R-4
Co C1

~ C ~
B =R-3 B2 =R-5—

Sincec, > ¢;, thereexists a (small) & for which
5 ({i}) < JB({i}), i = 1,2, i.e. Tt is selectedasthe
optimal policy. This exampleillustratesthat, in gen-
eral, a small errorin channelestimationcan causean
unboundedossof performance.

C.2 Analysisof Problem(P5)

In this sectionour goalis to boundthe distancebe-
tweentwo policiesTtand* by a term proportionalto
thedistancebetweerbroadcasmodelsP andQ. Asiil-
lustratedin Examplell-C.1, thisis not possiblein gen-
eral. Thatis why we make thefollowing assumptioron
the natureof the estimatiorerror.

Assumptiorl: For ary nodei, thereexists M; < o
suchthatQ'(Sji) — P'(Sli) < MiP'(S]i).

Intuitively, Assumptionl hastwo significantimpli-
cations.First, it impliesthatthe network topologyun-
derthe estimatedbroadcasmodel Q doesnot contain
links which do not really exist, i.e. Vi € {1,2,--- ,N},
No(i) C Ap(i). Secondthe assumptiorimplies that,
wheneer thereis a link betweennodesi and |, i.e.
Rj > 0, thereis afinite boundM; which specifiesthe
maximum percentileof error in the estimationof the
quality of links connectedo nodei.

Underthe abore assumptiorwe prove thefollowing
theoremwhich summarizeghe main resultof this pa-
per. For the proof of Theoreml, see[2]. Ourapproach
is inspiredby the generaframenork proposedn [6].

Theoeml: UnderAssumptionl, we have

dp (17", 77) < ijaXO(Pj,Qj),

=R

Rmax(Rmax—Rj)(Mj+2)
Cj

whereK = 37,

I11. DISTRIBUTED COMPUTATION OF THE

OPTIMAL PoLicy

As mentionedn the introduction,the key featureof
anadhoc network is the absencef centralcontrol or
computationunit. This featureunderlinesthe impor
tanceof providing a distributedalgorithmfor the com-
putationandimplementatiorof anoptimalpolicy. The
authorsin [5] provide three algorithmsaccordingto
which eachnode can computeits optimal local rout-
ing decisionsbasedonly on the local informationand
local communicationwith its neighbors. Notice that
in thesedistributed algorithms,eachnoderequiresin-
formation aboutits own local broadcasmodel. This
implies that, in practice,it is suficient for eachnode
to estimatethe broadcastnodellocally. Consequently
it is vital to studythe sensitvity of the optimal local
decisionsin the presenceof error In [5], it is shavn
thatalmostin all practicalscenariosindertheproposed
algorithms,the local routing decisionscorvemgesto a
stationaryindex policy equialentto the index policy
describedn Sectionll-A.3. Thisimpliesthat, givena
sufficiently long time horizon, all of thesealgorithms
demonstratédenticalperformancedossin the presence
of estimationerrorin broadcasmodel. And this loss
is relatedto the estimatiorerrorin the samefashionas
that of the centralizedindex policy discussedn Sec-
tion 11-C.2, Theoreml.
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