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Abstract— This paper considers the issue of optimal sub- in many commercial applications of future wireless systems
carrier allocation in OFDMA. We show, via a counter example, achieving high connection speed (data rate) will be of
that water-filling based subcarrier allocation policies, @ntrary primary concern rather than power.

to conventional wisdom, fail to provide rate-stability for an . .
otherwise stabilizable OFDMA system. Water-filling is too On the other hand, most of the papers in the literature

myopic when considering long-time average performance, g.  ([2], [6], [14], [15], and [18]) differ from our work in
delay, queue lengths, and even long-run throughput. This that they all provide solutions to a multi-user water-fgjin

is because such policies ignore variable state (queue lehyt problem achieving Shannon capacity under power constraint
information, while, in fact, such an information is necessey to at each decision epoch (in this paper, we refer to this

guarantee rate stability and/or to minimize average delayln w S .
this paper, we identify an optimal non-idling policy which as “instantaneous throughput maximization” or “multi4use

balances the queue lengths, when the channel follows an Water filling”).
ON/OFF model. In such case, we show that such a policy In this context, the present paper is a part of an on

achieves the minimum average holding cost (mean response going effort to establish a systematic approach to a series
time) at any time. of throughput-related problems which have recently been
observed ([4], [10]) in OFDM systems. In [4], a subcarrier

allocation based solely on queue lengths for an MPEG-4

Orthogonal frequency-division multiplexing (OFDM) is video transmission application is studied. It is shown that
a promising technique to provide multiple access contra static allocation performs poorly when compared to the
(MAC) in high-speed wireless applications (e.g. broadgueue-length-based allocation. The authors in [10] prepos
band wireless, 4G systems, LANs) in a hostile multia subcarrier allocation in an OFDM system with finite
path environment with frequency-selective fading. OFDMuffer space. They show through simulations that water-
achieves high spectral efficiency in multiuser environmerfilling solutions perform poorly with respect to a long-run
by dividing the total available bandwidth to narrow sub-throughput criterion due to buffer overflow.
bands in an efficient way. This allows the mobiles to spread In this paper, we focus on a long-term average per-
their information selectively in order to avoid sub-band$ormance, e.g. average queue backlog, rather than an in-
where (frequency-selective) fading occurs. This resuits istantaneous optimization. We show that even without a
higher spectral efficiency since fading usually experienceconstraint on buffer sizes, water-filling-based techngjue
by different mobiles are statistically independent. Inrg@  perform poorly when considered over a considerably long
user case, it is known that, to achieve the highest specttithe interval. We argue that maximizing instantaneous
efficiency, the optimal resource allocation must schedulgroughput (water-filling) is too myopic, i.e. it fails toka
these sub-carriers with the best SNR. into account the varying state of the system and queue

The problem of optimal real-time subcarrier allocatiorbuild-ups. Through an example we show how the policy
has been recently studied ([2], [6], [8], [10], [14], [17], that maximizes the instantaneous throughput causes rate-
[19]). The prior work can be categorized into two classemstability (unbounded queue buildups) in an otherwise
based on the optimization objectives. The objective in thstabilizable system. This implies a suboptimal perfornganc
first class of work ([8], [17], [19]) is to minimize the with respect to throughput (as well as delay and total
total transmit power given constraints on Quality of Seevicnumber of packets waiting in the system). As a result,
(QoS) requirements of each user. These constraints include propose a long-run objective to minimize the average
fixed data rate or acceptable bit error rate (BER). holding cost in the system.

The second class of papers ([6], [14]) attempt to max- In this paper, we assume a pre-determined power allo-
imize the total throughput at each decision epoch given @ation. This power level is assumed to vary in order to
constraint on a maximum transmit power per data strearnompensate for the distances between various users and
Our work is similar to this class of papers in that we focushe base (fixed point). Under such assumption, a user’s
on maximizing the system throughput when consideringhannel condition (across sub-carriers) can be mapped to
the subcarrier allocation problem in an OFDM systemthe number of transmitted packets at each subcarrier as
We believe that, although there will always be numeroufllows. Using adaptive modulation/coding, the number of
applications for which the power maximization is critical,packets a subcarrier can transmit per time slot is expressed

I. INTRODUCTION
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Fig. 1. Mapping of a User's SNR to packet capacity for eaclcarrier. § ©
The user can transmit 2, 1, and 0 packets on subcarrier 1, ®,3an plf
respectively
‘] :
as function of SNR [8]. Figure 1 shows such a procedure o |

for an example. In this example, we assume that there are

6 4
two transmission types (modulation/coding) over a subband o ./b] A o
the first type requires a certain SNR (SNR S;) and 0 v AN AR e
transmits one packet per a timeslot; the other transmission 0 10 20 %0 40

type requires a higher SNR (SNR S5) and transmits ©
two packets per a timeslot. The figure shows that the user

can transmit 2. 1. and 0 packets on subcarrier 1. 2 aﬁéP' 2. A counter-example showing that water-filling causabounded
T ' 7 7 gueue buildups. We assume that the packet arrival procestharchannel

3, respectively. As a result we map the channel conditiogbnnectivity process have periodic structures with pedbfbur timeslots.
given in Figure 1 to a "connectivity profile(2, 1,0). (a) Packet arrivals for users 1 and 2 (b) Channel connectitfile
In this paper we identify an optimal policy where the(T\/;/]hlte square means ON) (c) MTLB pollo_y* (d) Ma?qm.al Instantaneous
R . roughput policyr (e) Queue occupancies over time: queue lengths for
connectivities can be modeled by a simple ON/OFF (laserst/; and U underr, (b1, bo), and undetr*, (b%,b3). Under policy
0) state. Furthermore, we assume that all users have thejueue of uset/z (b2) is building up over time.
same priority. We show that under such an assumption a
non-idling (maximum throughput (MT)) Load Balancing ) ) ) o .
(LB) policy minimizes the expected holding cost. We therfonsider an alternative po_lloy shlown in Figure 2(d). It is
propose an algorithm to construct MTLB. easy to see that under poligythe instantaneous throughput
The paper is organized as follows. Section Il gives & maximized at every time slot, but the system is unstable
counter example of how the instantaneous throughput ma®s the length of the queue of uses grows by one every
imization fails to stabilize a stabilizable system. Seutity ~ four units of time. Note that under policy, userU,’s
provides problem formulation and assumptions of ouPuffer is empty at time = 2. This results in the idling of
model. Section IV defines the MTLB policy and Ior()\,esubbancBl.Cons_equenua_lly, policy results in longer total
its optimality. Section V, provides a computation alganith GUeuUe occupancies at _aII times and thus less total throwghpu
based on ideas frm bipartite graphs and matching literatuf@@n policy 7. This simple counter example shows that

Finally, Section VI concludes the paper and discussesdutuf?@ximizing the instantaneous throughput is not sufficient
studies. and in general fails to stabilize an otherwise stabilizable

system.

1. COUNTEREXAMPLE
) _ _ I1l. PROBLEM FORMULATION AND ASSUMPTIONS
Consider a simple ON/OFF system with two user?\l . —_
otations and Definitions

(u1,us2) and two sub-carriersH;, B2). The initial queue

sizes are zero. The packet arrival processes and the channélVe consider a single-hop OFDMA system composed of

connectivity processes for users 1 and 2 have period@he cell or cluster with one base station. We assume that

structures with period of four time slots as shown irfhere are N users and K sub-carriers

Figure 2(a) and Figure 2(b), respectively. For example, at In this paper, we use arguments to denote the time index,

the beginning of timeslot 1, two and one packets arrive fosubscripti to denote specific subcarrier, and subscipo

U, and Us, respectively. Furthermore, during slot 1, useflenote specific user/queue. For examplg;(n) denotes

U, can use both sub-carriers while ugés can use only the number of packet withdrawals at timefor user; over

subcarrierB;. subcarrieri. We use small letters without any subscription
The system is stabilizable because the periodic polid@r deterministic row vectors and capitalized letters for

7, whose subcarrier allocation;; at each of the four deterministic matrices. Scripted capitalized letterssjpace

timeslot period is marked by/ in Figure 2(c), stabilizes ©f all possible vectors or matrices. For example,is the

the queues by emptying the system every four time slot§pace of all possible packet withdrawal matrices.

For example, during time slot 1, the poliay assigns user o b(n) = (b1,...,by): the row vector of queue occu-

U1 with subcarrierB, and usei/> with subcarrierB;. Now pancies at the beginning of time



_ . 3 ) H Subcarriers/
q(n) = (a1,...,an): the arrival to queue:; during o
time n. Users/

C(n) = {ci;}: The K-by-N channel connectivity Queues
matrix or connectivity profile at time: where ¢;; .

denotes the maximum number of packets subcarrier
i can serve from queug

(b(n),C(n)): the state of the system at time

W(n) = {w;; }: the K-by-N packet withdrawal matrix
(also refered to as server allocation or assignment) at
time n, wherew;; denotes the number of packets that .
subcarrieri is assigned to serve quegieWe use both
the matrix form of W = {w;;} and the row vector

form w = (w1,...,wn) interchangeably where; =
ZiK:l Wij is the packet withdrawal of queue Fig. 3. Subcarrier Allocation Problem
gz;_?].?:)en Sloﬁllirdzf':‘c')t'onse(‘:’:srw'” Ufe in the p?paerr\:d (1,1,1,0,...,0)T indicates that user 2 can transmit
ini : W Vi T = (T1,..-, TN only on sub-carriers 1, 2, and 3.
a matrixY = (y1,...,yn) wherey; is a column vector, (A7) Thg packet arrival process€a (n)} to users’ queues
a column-by-column matrix permutatidi, corresponding during each time slot is independent across time slots.
to a permutatiorr is defined as, for any and, The packet arrival process is such that the joint pdf
is permutation invariant as defined in Definition 2.
Sefinition 2 Wé%‘) zjj < Hfrd(yi) = yjt ih & ioint This implies that within each time slot the arrivals
ennition . Lonsider a random vector with a join to various queues need not be independent. In other
](cjistribution Py (z). We sa(1y>(< )'? perm(ut)ation invariant if, words, therqe can be possible depen%ency of arrivals
or any permutationr, Px(m(z)) = Px(x). amongst different users.
mel,?neigqfitiogrjrgr?gsige\/rar?a[a?ggsvr;hr?oa}m%;d?wr}(}efr)e 5\'/2' (A8) The connectivity profilegC(n)} is such that the joint
ij y (1). pdf is permutation invariant as defined in Definition 3.
sayY is column-by-column permutation invariant if, for (a9) At the beginning of each time slot, the centralized
any permutationr, Py (Il (Y)) = Py (Y). resource manager at the base station uses the perfect
information of queue sizes and the connectivity pro-
Assumptions files to make subcarrier allocation for that time slot.
(A1) The sub-carriers are time-slotted and have fixed and Then, the assignment is announced immediately to all
flat fading during a time slot. users via a separate control c_hannel. _
(A2) The set of modulation and coding available to vario&élo) We do not allow for the sharing of the SEIVErs, 1.€.
users are similar and fixed. For a given channel eac_h Server c,an only serve one packet at a time from
statec;; and a transmission type (choice of modu- a single user's queue(; < {0, 1}).
lation/coding),w;; packets are transmitted by usgr We believe that allowing for individual and non-identical
over subband, with a maximum ofc;; packets. connectivity profile is essential in modeling OFDM. The
(A3) If a channel can serve;; packets from thej" inclusion of individual connectivity profiles in our model
queue, all of these packets will be transmitted witHS essential to a reasonable modeling of OFDM systems.
probability of success equal to one. In another wordl'his captures the following phenomena: a subcarrier can
this model does not capture the loss probability ovelfave a "good” channel response for one user while on the
a wireless channel of good quality;( > 0). same subcarrier another user may encounter severe channel
(A4) Packets are of equal length. A subcarrier can senfegradation, or "bad” channel.
3tsg:§tcmaz packet per time slot when used by a5, oblem Formulation
(A5) Each user has an infinite buffer. We now formulate an abstract problem that captures
(A6) The channel state of each subcarrier to a user gssential features of the described OFDM problem.
reduced to either ON or OFF i.ey,,, = 1. A Problem (P)
subcarrier is in the ON state when the channel gain Consider a discrete-time model of N queues
is less than the threshold gain meeting the minimum (Q1,...,Qn) served by K servers (K> N). At
required SNR. When the subcarrier is in the ON state, each time, each server can serve one packet from
the user can utilize the subcarrier to transmit up to one queue; we allow for one queue to be served by
one packet. Thus, a subcarrier is assumed to be either multiple servers. At each time, a quejiés either
connected or disconnected from users as shown in available to be served by a serverconnected

Figure 3. For examplegy = (c12,c22,...,cx2)T = or ON) or it is not available (disconnected or



OFF) (A6). At each time, the connectivities of all In addition, the model used in [1] is similar to the one
queue/server pairs are known for that time. Waiused in our paper. The authors in [1] consider the problem of
allow for arrivals at each queue at each time antatch allocation of bandwidth or servers to multiple queues
arrivals at a given time are assumed to occur aftefhe study is focused on the delay in the observations of
server allocations at that time. The statistics othannel and queue lengths. Again, the difference with our
arrival and connectivity processes are assumed toodel is that [1] assumes identical connectivity profile
satisfy (A7) and (A8). We wish to determine awhile we allow for distinct connectivity profiles across
Markov server (subcarrier) allocation poligythat queues. However, we do not consider observation delay with
minimizes the cost function at the finite horizonrespect to queue length nor do we address imperfect channel
T: estimation.

JE = E[CT|Fo] (1) IV. ANALYSIS OF PROBLEM (P)

) . . ) In this section, we identify load balancing (MTLB)
where 7, summarizes all information available at s pcarrier allocation policy, as optimal with respect te th
the beginning of the allocation period’7 is the  ¢ost function in Problem (P). We use dynamic programming

cost under Markov policyr over horizonT'. to establish the optimality of MTLB.
T N Definition 4: Given state(b, C') at the beginning of time
Cr = Z Z o(b; (1)) (2) slotn, an allocationV = {w;;} is a feasible allocation iff
t=0 j=1 ° (Cla) Wij < C’le

e (CLB)SN jwij<1,vi=1,...,K; and

where¢(.) is any convex and increasing function .
andb;(t) is the queue length af);. M (CLe) X imywiy <bj, ¥V j=1,... N _
- - . Given a stateb, ¢), the set of all feasible row allocations
Restriction to Markov policies does not entail any loss .
of optimality because Problem (P) is a stochastic contré! (Wi, ... wn), wi =32, wi, is denoted byV (b, ),
b Y Definition 5: Given state(b, C') at the beginning of time

problem_wnh perfect observa_tlo_ns [9]' . slot n, the MTLB policy chooses a (feasible) packet with-
One simple example of(.) is identity function. In that drawal matrixW*(n) = {w?;} such that
= {wy;

case, _Proplem (P) reduces to a total backpg b_; b; (+) (C1) Maximum Throughput: W*(n) € W(b, C) achieves
minimization problem over horizoff'. the maximum throughput, i.e

In Problem (P) we have assumed that the horizon
is finite. We first analyze Problem (P) and its refinement

N K N K
and then show that the result of the analysis hold for the Z Zwi‘kj = Z Zwii forall w € W(b,C) 3)

corresponding infinite horizon problem. j=1i=1 j=ti=l
(C2) Load Balancing: Let L be the maximum throughput
Prior Work achieved in (C1) andV.(b,C) C W(b,c) contains all

mbpossible assignments achieving throughputul®(n) €

Our problem formulation is very similar to the proble ;
b, C') produces the most balanced queue i.e.

of transmission scheduling for wireless and satellite soddVr(

where a limited number of transmitters (servers) or channel (b—w") <rpgo (b—w) forallweWg(b,C) (4)
have to be allocated to competing users with varying Th 1 . h . It of d
connectivity ([1], [3], [11], [16]). eorem 1 summarizes the main result of our study.

Theorem 1:Consider ProblemR) with a finite horizon

Th thors in [16 ider th llocati bl T . i
e authors in [16] consider the server allocation pro e'?{. MTLB policy is optimal for any initial statem, = (b, C).

ggihsmugeliji:\frgg ':oﬁz?cptzgn(?r?jlijsecl:)isr;éat\:tt:(?(t:g ttrlgieslv Note that condition (C1) is a water-filling condition. In
9 y Other words, Theorem 1 implies that water-filling criteisa i

depending on a binary connectivity random variable. The ot sufficient to quarantee lona-term throuahput optirmalit
show that the Longest Connected Queue (LCQ) policy sta- 9 9 ghput opting

bilizes the system if the system is stabilizable and minasiz unless it is complemented by a load-balancing criteria

the delay for the special case of symmetric queues. (cond|t_|on (C2)). ] I . .
The authors in [3] further show that, in the case of K Outline of the Proof(see details in [7]) Given a horizon

servers = N queues and the constraint that at most C packgtsdefmevn (b, C) the cost-to-go under Markov policy.

can be served in total in each time slot and fractional packet ~ ~

are allowed to be served to each queue, the optimal polidy; (b, C) = ¢(b) + ZpA(a)pc(C)V,f_l(b +a—w,C)

is to serve the queues such that the resulting queue lengths a,C

are most balanced. The authors in [3] allow for sharin N

of the servers (serving a fraction of packet from a se hereg(b) = Zy’zl o(b;)- . .
From dynamic programming, we have the following

of queues). Furthermore, they do not allow users to havr%cursion for the optimal Cost-to-g (b, C):

distinct connectivity profiles (In this cagg(n) are reduced P ga; (b, C©):

to a vector). Vi (b, C) = ¢(b)



and

Vi®.C) =)+ _inf > pa(@pe(C)Vi,(bta—w,C)
e

Define

vn () EoclVy_1(b+a,C)]

Y pal@)pc(C)V, 1 (b+4a,C).  (5)
a,C

Since W(b, C) is finite, there exists an optimal packet
withdrawal w*(n,b,C) at time n when the state of the
gueue backlogs is equal to the veciand the connectivity
profile is C. The optimal cost-to-go can be rewritten as:

Vo (b,C) = ¢(b)
and

Vi (0,C)

PO+ R

¢(b) + Un (b - W*(nv ba O)) (6)

In order to show that MTLB is optimal, we need the
validity of the following statements (proved in [7]).

(HO) v, (b), n=0,...,T, are permutation invariant and
strictly monotonic.

(H1) If a feasible allocatinu does not satisfy (C1), then
there is aj such thatw + e; € W(b, C).

Note, assuming the validity af+0), all MTLB policies
have the same expected cost. In other words, define

Un (b — w)

*(n,b = rop(b—w*) = i (b —
W*(n,b,C) {w Un (b — w™) WG%I(I;C)U ( w)}
B*(n,b,C) :=<d*:v,(d*) = i n (b —
(n,b,C) { on(d) we%ﬁm”( w)}

In [7], we present the following statement:

(H2) If w*(n,b,C) € W*(n,a + b,C), it satisfies
Condition (C1) in the definition of MTLB.

We prove the rest of Theorem 1 by an inductionmgn
the number of stages to go. For that matter we define

Gn(b) = [va(b+ei+e;)+va(b)]
— [on(b+e) + vn(b+ej)] (7)
Dn(b) = wvp(b+er) —v,(b+ea) (8)

interpreted as the convexity ef, in a discrete setting and
(H4),, establishes the balancing advantage.

Specifically, we outline how*3),, and (+4),, are used
to inductively establish the induction step via the follogi
lemmas (see [7]):

Lemma 1:(H0), (H2), (H3), and (H5), —
(H3)pnt1-
Lem+ma 2:(HO), (H2), (H3)n, (H4)n, (H5), =
(H4)n+1-

Lemma 3:(H0), (H2), (H4)n+1 = (H5)n+1-

In addition, we prove the following Corollary in [7] to
extend Theorem 1 to the infinite horizon Problem.

Corollary 1: Consider an infinite horizon version of the
Problem P), where the cost is modified to be the average
expected cost at each stage. Then MTLB is optimal for any
initial state 7o = (b, C).

V. COMPUTATION OFMTLB

Using concepts from graph matching literature ([5],[13]),
we propose an iterative algorithm (iMTLB) to construct
MTLB allocation. We consider our subcarrier allocation
problem as a matching problem over a graphwhere

the queues and servers are considered as nodes and the

connectivities between them as edges.

Equivalent Bipartite Construction (EBC)
1) Associated with each queug constructm;
min(b;, ¢;) nodes labeled asg;1, a2, . .

2) Let UX = {a117a12, sy Qlmy, 421, - -

the set of all such nodes.

3) LetV ={vq,...,vk} be the set of servers.

4) Let EX = {(ajm,v;)} if ¢;; = 1 be the set of edges

representing connectivities.
Iterative Algorithm (iMTLB)
1) Use (EBC) to construct an equivalent bipartite graph
Geq = (UX, EX, V) from the given(b, C).

2) Find a maximum matching/ in Ge,.

3) ConvertM to subcarrier assignment i@.

4) While there exists a balancing pathwith respect to

G, balanceG by w (see [7]).

An example of IMTLB algorithm is shown in Figure 4. In
[7], we show that the proposed IMTLB algorithm converges
to MTLB allocation in finite time. We conjecture that our
iterative algorithm is equivalent to an existing maximum
weighted matching for the equivalent bipartite graph and
its worst case running time ©(K2(N + logK)) [13].

.,ajmj.

.,aNmN} be

VI. CONCLUSION AND FUTURE RESEARCH

Using the above expressions, we state the induction
hypotheses for stage as
(H3), Gn(b) > 0, for every stateb and indexesl <

In this paper, we showed through a counter example that
although water-filling based subcarrier allocation pekci
1,7 < N. maximize the instantaneous throughput, they in general

(H4),, D,,(b) > 0, for everyb such thath; > b,. fail to provide rate-stability for an otherwise stabilitab

(H5), Policy ¢g*, that allocates servers according toOFDMA system. We used this example to argue that water-
MTLB, is optimal at stagen. filling is too myopic and ignores variable state (queue

We note that(5) is sufficient to assert the validity of length) information. We then identified a MTLB policy
Theorem 1. However, to prove inductively thgk5),,.1 that achieves the instantaneous maximum throughput as
is true we needH3),,-(H5),. Specifically,(#3),, can be well as balancing the queue lengths. Such a policy always



(2]

(3]
(4]

(5]

(6]

(7]

(8]

Fig. 4. Example of one iteration of iIMTLB Algorithm (a) quelengths
and connectivities (b) construction of an MT allocationnfrthe equivalent
bipartite graph (c) dark edges indicate the MT policy; thewas show a
balancing correction to achieve a load-balancing configama(d) dark
edges indicated the MTLB policy after balancing allocation

[9
[10]

[11]

exists when the channel follows an ON/OFF model. In such
case, we showed that MTLB achieves the minimum average]
number of packets waiting in the system at any time.

For practical implementation of MTLB with a large 23]
number of users and subcarriers, we hope to use randomizes
algorithm to reduce the running time and simplify the
implementation. In addition, the implementation of MTLB[lS]
requires the existence of a centralized controller. Thidato
be problematic for a system with large number of users and
subcarriers. We hope to construct a decentralized altmtati [16]
algorithm in our future research.

Furthermore, we extend our example (see [7]) to shol¥7]
that, when multiple values of packet transmission capacity
is considered, maximizing instantaneous throughput (watgzg;
filling) is not only not sufficient for optimality but is not
even a necessary condition. It may be optimal to sacrifi
instantaneous throughput in order to set the state of the
system in "better” (more balanced) state in anticipation of
loss of connectivities in the future. This is a manifestatio
of known results in queuing theory and switching. The
MDP technique used in this paper is not expected to result
in identification of an optimal policy under these more
complicated channel models. We hope to use fluid flow
analysis to establish rate-stability for a load balanciolicy
in such scenarios.
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