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Problem 1
Let A be m x n matrix.
Writing the problem in the form we saw in class will be:

min b’ x

subject to
Az +¢<0

The Dual problem is maxy>g ¢(A) where
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If b; — 221 Aia;; > 0, Vi =1,2,...,n, then the inf is attained for z = 0
and ¢(A\) = >0, Nicy.

On the other hand, if b; — Y7, A;a;; < 0 for some j, then g(\) = —oo (the
larger the x; the more negative ¢())). Since we are interested in choosing A
to maximize g()), we need to avoid such a case. In other words, we need to
constraint the choice of A such that sum™,\;a;; < b; for all j.

Thus the dual problem is

m
max ¢(A) = max E Aic;
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subject to

Z)\iaij < bj,Vj = 1,27...,TL
i=1



Problem 2
Let fi1 and fo be convex functions i.e. for any ai,as, f(aiz1 + asws) <

a1 f(x1) + az f(w2).

Let g(z) = max(fi(x), f2(x)). g is convex because

glarxy + azxe) = max(fi(a1x1 + asxa), fa(a1z1 + asz2))
= filarxy + asxz),
where i = 1 if fi(a121 + asx2) > fo(a121 + aszs) and i = 2 otherwise. Hence,
filarz1 + azw2)

< arfi(wr) + azfi(xe)
< a1g9(x1) 4+ azg(x2), by definition of g.

glar1z1 + asxs)

However, min(f1, f2) is not convex. Counter example: fi(z) = z and fo(x) =
—z. h(z) = min(fi(z), f2(z)) = —|z| and h is not convex.

Problem 3
The dual problem is max,>¢ (1) where

1
q(p) = inf {xTQa: — T2+ T (Az — c)} .
x>0 | 2
Setting 6@ = 0 and assume that @ is symmetric, the inf is attained for x =
—Q (AT u—b). We can go on and provide the general solution for max,,>o q(4).
However, since the question assumes simple @, b = 0, and A = [1,1] , the
problem becomes
minz? + z3/2

T
subject to

r1+ a9 <c

The dual is max,,> q(1) where

a) = il (o} +03/2 4+l + 22— )}
= —3u%/4 — pc.
. - | —2¢/3, ife<0, . . .
q(p) is maximized when p = { 0. otherwise and its maximum value is

/3, ifec<0,
0, otherwise’

Problem 4

Follow the similar proof as in the class.

Proof: (=) Assume z* solves the network utility problem for g(x) = >, p; fo ()
where fo(z;) == 2; /(1 - a).

VgT TAT

o = (prey % pmTy”) = 1



(P17, ) (@ — %) = T AT (2 — 2%) < 0.

Thus, * is (p, a)-proportionally fair.
Proof: (<) Assume z* is (p, a)-proportionally fair. We have

Ve

e —a*) = pT AT (z — 2*) <0.

and since g is concave, V2g is negative semi-definite. We have x* is optimal.

Problem 5
Proof (by contraditiction):
Assume r = (rq,...,7y) is maxmin fair but 35 such that r; > ming r, =,

(4 attains the minimum on the right hand side of this inequality).

From the solidarity of the feasibility region, we have that Je such that for
Va < eand Vj, 30 > 0,(d <€) such that Vk,r — ce; + dey, is also feasible.

Let o = min{e,r; —r;} and k = i, to get that 3§ < e such that r’ =
r — ae; + de; is feasible. This means that rate ¢ is increased with only decrease
in rate j which was initially assigned greater rate. This is a contradiction with
r being max-min fair solution.

To arrive at uniqueness, one needs to notice that no max-min fair solution
can be in the interior of feasibility region. In other words, the max-min fair
solution in a solidarity feasible region is the unique intersection of line x; = xy
and the boundary of the feasibility region.



