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Design of Hybrid Filter Banks
for Analog/Digital Conversion

Scott R. Velazquez, Truong Q. Nguye®enior Member, IEEEand Steven R. Broadstone

Abstract—This paper presents design algorithms for hybrid Analysis Filters bband Processi ynthesis Filters
filter banks (HFB's) for high-speed, high-resolution conversion u Ho /M |
between analog and digital signals. The HFB is an unconven-

flter bank that o Ay {0

tional class of filter bank that employs both analog and digital
filters. When used in conjunction with an array of slower speed
converters, the HFB improves the speed and resolution of the
conversion compared with the standard time-interleaved array
conversion technique. The analog and digital filters in the HFB
must be designed so that they adequately isolate the channels and
do not introduce reconstruction errors that limit the resolution of Frequency Response
the system. To design continuous-time analog filters for HFB's,

a discrete-time-to-continuous-time (‘Z-to-S") transform is devel- Ho Hy | Hy

oped to convert a perfect reconstruction (PR) discrete-time filter f ; ; f

bank into a near-PR HFB; a computationally efficient algorithm 0 x = =

based on the fast Fourier transform (FFT) is developed to design

the digital filters for HFB's. A two-channel HFB is designed Fig. 1. M-channel, maximally-decimated, parallel, filter bank.

with sixth-order continuous-time analog filters and length 64
FIR digital filters that yield —86 dB averagealiasing error. To ] o
design discrete-time analog filters (e.g., switched-capacitors or theory for perfect-reconstruction (PR) nonhybrid filter banks
charge-coupled devices) for HFB's, a lossless factorization of has recently been established [4]-[7].
a PR discrete-time filter bank is used so that reconstruction Using a filter bank for analog-to-digital (A/D) or digital-to-
error is not affected by filter coefficient quantization. A gain N - o
normalization technique is developed to maximize the dynamic a”a'_og (DIA) conv_er5|0n IS an .unconventlonal application of
range in the finite-precision implementation. A four-channel HFB  the filter bank architecture that improves the speed and resolu-
is designed with 9-bit (integer) filter coefficients. With internal tion of the conversion over the standard time-interleaved array
precision limited to the equivalent of 15 bits, the maximum conversion technique. The hybrid filter bank analog-to-digital
aliasing error is —70 dB, and with the equivalent of 20 bits .,y erter (HFB ADC) uses analog analysis filters to allocate a
internal precision, maximum aliasing is —100 dB. The 9-bit filter f band h ADC in th d diaital hesi
coefficients degrade the stopband attenuation (compared with requency and to eac = int _earray gn_ igital synthesis
unquantized coefficients) by less than 3 dB. filters to reconstruct the digitzed signal. Similarly, the reverse
structure, which is known as the hybrid filter bank digital-to-
analog converter (HFB DAC), employs digital analysis filters
) ~and analog synthesis filters. The HFB significantly improves
F”—TE_R banks are used in a number of communicationfie speed and resolution of the conversion by attenuating the
applications such as subband coders for speech signals EHects of mismatches between the converters in the array,
frequency-domain speech scramblers [2], and image codiggich otherwise severely limit the resolution of the system.
[3]. F!g. 1 illustrates ani/-channel maximally decimated Par- For very high-speed conversion, manufacturers such as
allel filter bank, wheret, andF, 0 < k < M —1 are analysis pejett-Packard and Tektronix have conventionally imple-
and synthesis filters, respectively. The analysis filtéf§ onted time-interleaved ADC's that consist of an array of
channel the input signaln] into M subband signals, Wh_lch M moderate speed ADC'’s, which are triggered successively
are downsampled by a facta¥/. The downsampler, which 4 1 /5/ the effective sample rate of the system. The speed
decreases the sampling rate of the signals, and the upsampigly resolution of the system is limited because the system
which increases the sampling rate of the signals, are denojeq, emely sensitive to ADC mismatches and clock timing
_by the boxes with dOW.” a_nd up arrows, respecnvgly, as Sho‘é(”ors. With signal preconditioning and compensation for
in Fig. 1. The synthesis filterg}, reconstruct the signal. TheIinearity and timing errors, Hewlett-Packard has been able
Manuscript received February 15, 1997; revised November 30, 1997. Th& build an 8 GSa/s, 8-bit, time-interleaved ADC with a
material is based on work supported under a National Science Foundatgjgna| bandwidth of nearly 2 GHz [9]. Effects of mismatches
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sampling at the subband rate, upsamplers, and digital synthegisand reconstructed via the digital synthesis filté4g ).
filters, as shown in Fig. 1 (where each “subband processinghe effective sample rate of the systemiis times that of
block is an ADC) [12]. The use of switched capacitors limitthe subband ADC's in the array, and the resolutiom isits,

the speed of the system typically to the hundreds of kiloherz.Which is the same as that of the subband ADC'’s in the array.
addition, switched-capacitor filters introduce switching noise, The discrete-time HFB ADC employs discrete-time analog
which can limit the signal-to-noise ratio (SNR) of the systemanalysis filters such as CCD devices and discrete-time digital
Typical switched capacitors have an SNR of about 85 dB [13jynthesis filters. This discrete-time CCD architecture is well

The HFB architectures presented here overcome the tinsgtited for low-power, monolithic, relatively high-speed con-
interleaved architecture’s extreme sensitivity to converter migersion (tens of megahertz), and moderate resolution (8—12
matches and timing errors and the switched-capacitor archits) (e.g., 40 MSa/s, 12-bit HFB ADC chip in CCD tech-
tecture’s speed and noise limitations. The filters in the HRfblogy) [15]. Applications of the discrete-time HFB include
architecture isolate the converters in the array and attenuatedical imaging, portable electronics, and HDTV.
the aliasing errors caused by gain and phase mismatches. AThe continuous-time HFB ADC employs continuous-time
comparison of the effects of gain, phase, and dc-offset erranisalog analysis filters such as RLC networks and discrete-
in the time-interleaved and hybrid filter bank architectures tame digital synthesis filters. The continuous-time system is
presented in [8]. well suited for very high-speed (hundreds of megahertz), very

Applications of high-speed, high-resolution A/D and D/Aigh-resolution (8—16 bits) systems that are not necessarily
conversion include direct digital receivers for wireless comew power (e.g., a 160 MSal/s, 12-bit HFB ADC system using
munications applications; radar receivers; test equipment sdobr Analog Devices AD9042 12-bit 40 MSa/s ADC's).
as oscilloscopes, spectrum analyzers, network analyzers, signdihe focus of this paper is the maximally decimated HFB,
and pattern generators; modems; and medical imaging systebs.it is worth noting that the oversampled HFB ADC can be

The practical challenge in constructing an HFB is to comused to improve the resolution at the expense of the speed
pensate for the effects of hardware components whose clgfrthe conversion. The analog analysis filtei channel
acteristics (e.g., resistance or capacitance) are imprecise i wideband analog input signal inff subband signals.
drift with time and temperaturd/, which is a challenge not The subband signals are sampled.gf}/ times the effective
faced with conventional fully digital filter banks. An automatedample rate of the system and converted to digital signals with
calibration algorithm that compensates for analog filter angdbit ADC’s, whereL is the oversampling factor, and > 1.
converter mismatches and drift is developed in [8]. For each doubling of., the quantization noise is reduced by

The first challenge in constructing an HFB is to desigB dB, or one half of an effective bit. Rate changers alter the
the analog and digital filters in the filter bank to provideligitized subband signals by a factor &f/L, and the output
adequate channel separation and accurate reconstruction okiffal is reconstructed via the digital synthesis filtéjgz).
converted signal. As with conventional filter banks, the HFBhe effective sample rate of the system)i& L times that of
itself can introduce gain and phaskstortion and aliasing the subband ADC's in the array and has a resolution equal to
error into the system, even if the subband conversion /st $log, L effective bits [16].
distortionless. Proper design of the filters will minimize the The HFB DAC is simply the reverse of the HFB ADC and
errors introduced by the HFB while still providing goodemploys digital analysis filtersf;(z) and analog synthesis
filter characteristics (i.e., sharp cutoff and large stopbaitters (either continuous-timé},(s) or discrete-timeFy,(2)).
attenuation). Efficient design algorithms of both the digital and The analysis and synthesis filters in the HFB attenuate the
analog filters are developed in this paper. Section Il provideffects of gain and phase mismatches between the converters
a description of HFB’s and the benefits of this architecturgh the array, which otherwise severely limit the resolution of
Section Il highlights the difference between the design anle conventional, time-interleaved architecture. In addition, the
the calibration of HFB's. Sections IV and V present algorithmsiFB requires a single timing signal as opposed to the very
for the design of HFB's as well as design examples and resuligcurately time-skewed signals necessary in time interleaving.
Section VI summarizes the results. The analysis and/or synthesis filters in the HFB can be used to
compensate for gain and phase errors. Continuous-time filters
or CCD devices can be used to overcome the speed and noise
limitations of a switched-capacitor implementation.

The maximally decimated HFB ADC employs analog anal- For specific applications, higher resolution ADC’s can be
ysis filters H; to channel the wideband analog input signassigned to frequency bands where higher dynamic range is
into M subband signals. Note that the analysis filters showrecessary. The HFB requires more hardware than time inter-
in Fig. 1 can be continuous-time filte,(s) (e.g., passive leaving, but for applications such as compression or adaptive-
LC circuits or active operational amplifier circuits), whicharray processing, the HFB can directly provide channelization
is called a continuous-time HFB [8], [14], or the analysifor subband processing without the need for additional filtering
filters can be discrete-time filtetH(z) (e.g., CCD devices, hardware. Nonuniform subband bandwidths can be used. The
switched-capacitors), which is called a discrete-time HFB. TH#B is amenable to a full VLSI implementation to decrease
subband signals are sampled BtM the effective sample the size, improve the performance, and reduce the cost, espe-
rate of the system and converted to digital signals with cially in a low-power CCD implementation. Polyphase struc-
bit ADC’s. The digitized subband signals are upsampled lyres can be used to filter the signals at the lowest possible rate.

Il. HYBRID FILTER BANKS
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Since this architecture does not mix high-frequency bands Design of Analysis Filters
down to baseband, the HFB (like the time-interleaved system)pe first step in designing the analysis filters is to determine

does not overcome the need for high-speed, high-precisigR fiiter specifications necessary to yield the desired speed
sample-and-hold circuitry. Recently, manufacturers such 25y resolution of the analog-to-digital conversion (e.g., 160
Analog Devices and Motorola have introduced off-the-sheffsa/s speed with 12-bit resolution). The ADC’s in the array

converters whose sample-and-hold analog bandwidth far exe selected to have the desired resolution of the overall

ceeds the converter’'s Nyquist bandwidth, eliminating the neggstem at the highest speed available; based on the speed
to implement additional sample-and-hold circuitry for use ig¢ the converters. the number of channdl in the HFB

the HFB [17]. is determined (e.g., four 40 MSa/s converters are needed to
achieve a system speed of 160 MSa/s). Then, the uniform
lIl. DESIGN VERSUS CALIBRATION bandwidth filter cut-off frequencies-3 dB frequencies) are

The design and the calibration of HFB's are considered t8/21sM), (2/215M), - -- (M —1)/21; M) [in Hertz], where
be two separate problems. The design procedure calculateskhdin seconds] is the effective sample period of the system.
analysis and synthesis filters that provide adequate signal chanSince the HFB attenuates the effects of mismatches between
nelization (i.e., high stopband attenuation and sharp cutoffPC’s in the array, the filteistopbandattenuation is related
with accurate signal reconstruction (i.e., negligibistortion to the ADC mismatch errors. Mismatches calesiéasing
and aliasing error introduced by the filter bank). The desigrérrors that limit thespurious free dynamic range (SFDR)
procedure does not take into account the mismatches betwé8g relationship is derived in [8], and the result for gain
the ADC's in the array, and it assumes that the analog filtefysmatches in the ADC's is
can be built to specification. 1

The calibration procedure alters filters to compensate for SFDR= 5 5 (3)
ADC mismatches and frequency response deviations in the E{a?}2(stopband)

analog filters due to hardware components whose character-

istics (e.g., resistance or capacitance) are imprecise and difiere£{a”} is the expected value of the gain mismatch error

with time and temperature variation. An efficient calibratiof€tween ADC's in the array. For example, assume a ,good
procedure is developed in [8] 12-bit ADC has SFDR= &80 dB [18] and that the ADC's

have mismatch erroE'{a?} = —60 dB. Therefore, from (3),
the required filterstopbandattenuation is—27 dB. The filter
cutoff should be as sharp as possible to make the transition

This section presents the design of near-PR continuous-tigighds as narrow as possible, which simplifies the calibration
analog analysis filters and the digital synthesis filters in thg the HFB.

maximally decimated continuous-time HFB ADC. Ideally, the One Option for the ana|ysis filters is to S|mp|y use off-

analysis filtersHy,(s) and synthesis filter$;.(z) are designed the-shelf filters that meet the required specifications. This is
such that the HFB output'(¢’“’) should simply be a scaled, the simplest solution, but as discussed in [19] and [20], the

IV. DESIGN OF CONTINUOUS TIME HYBRID FILTER BANKS

delayed version of the input/(;$2) characteristics of some standard filter types complicate the
M_1 reconstruction demands of the synthesis filters. For example,

V() = Z U(j(wM = 2mm) /T () Chebyshev or elliptic filters can have passband ripple and

=0 nonconstant group delay, which require synthesis filters to be

:Me_j“’dU(jQ) (1) very high order to provide accurate signal reconstruction, and

Butterworth filters, which have no passband ripple and nearly
whered is the system delay]” is the subband ADC sampleconstant group delay; these enable lower order synthesis filters

period, and thalistortion/aliasingfunctions7;,,(¢’*) are to provide accurate signal reconstruction.
Mo1 An alternative is to constrain the number of poles and zeros
T (&) = Z F(¢")Hy(j(wM — 2rm)/T) in the ana_llysis filters gnd iteratively optimize the_ po!e and
s zero locations to provide both adequate channelization and
Me—i%d =0 accurate signal reconstruction with low-order synthesis filters.
= { 0 m=12- M—1. (2)  This method is discussed in [19].

1) Z-To-S Transform: Another option for the continuous-

To(e’*) is thedistortion function and corresponds to the gairtime analysis filters is to transform a PR discrete-time solution
and phase of the filter bank, af@,(c’*),1 <m < M — 1, that meets the filter specifications into the continuous-time
are thealiasingfunctions and correspond to th#éasingerrors domain. Relatively low-order discrete-time filter banks have
in the filter bank. Equation (2) corresponds to the traditionhken discovered that introduce distortion or aliasing errors

PR conditions. The goal in the design of CT HFB’s is tand whose filters meet the requirements derived above. The
design filters that have the required channelization propertigansform should yield stable continuous-time filters that match
and approximate the PR conditions as closely as possililee frequency response of the discrete-time filter point by
Distortion should be small (e.g., less than a tenth of a decibgbint. To preserve the reconstruction accuracy in the design
deviation from ideal 0 dB), andiliasing error should be of HFB's, accurate frequency response matching is critical.
minimized so that it does not limit the resolution of the systenNeither the bilinear transform nor impulse invariance [21]
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techniques meet this criteria; therefore, a new transform similar TABLE |
to the Paé approximation [22] is presented here. ACCURACY OF ALLPASS Z-TO-5' TRANSFORMS
A discrete-time to continuous-time (i.e.Z*to-S") trans- Standard
form 27! = G(s) converts a discrete-time filtelf (=) into a Order of G(s) Eﬁtﬁr?(%l;] Deviation of g;(’)‘;“fgg
continuous-time filtet ( s), whose frequency responsg;j?) Error [dB]
accurately appr_oximat(_as that of the d_iscr(_ate—time fiH¢er). 1 82 95 a4
The transform is a ratio of polynomials in (Bilinear
Transform)
2l =G(s) = GB(S)_ @) 2 -36.2 346 258
Gals) 3 -70.9 68.9 59.0
The accuracy of the approximation can be improved by 4 -110.4 -111.4 -101.8
increasing the order of the numerator and denominator poly- s 1525 1522 1403

nomials Gg(s) and G4(s).

To design the analysis filters, a PR discrete-time filter bank
is first designed using standard PR discrete-time filter bank3) AllpassZ-to-S Transforms: ConstrainingG(s) to be a
design techniques to meet the desired specifications deriygdsal, stable allpass function assures that transformed filters
above [23]. Second, the transform is used to calculate th@| pe stable. Considering allpass functions is natural since

continuous-time analysis filters the frequency response of the desired transforaris, which
N has unity gain. The allpass constraint f6f(s) with real
Hi(s) = Hi(2)|:-1=6(5) () coefficients is

that approximate their discrete-time counterparts. Gp(s) = Ga(—s) (8)

2) Design ofZ-to-S Transforms: The objective is to design
the transformG(s), which can be used to directly calculate &o that the magnitude @(s) is forced to be unity. The design
continuous-time filteH (s), whose frequency response accuof allpass transforms requires fewer optimization variables
rately approximates that of a given discrete-time filié{z). ~since the numerator and denominator @fs) are directly

That is, findG(s) such that the error related [see (8)] as opposed to an unconstrained optimization,
. which allows the numerator and denominator functions to be

ey = / |H(jwT) — H(")|? dw (6) chosen independently (which is considered below).
—x Table | shows the average, standard deviation, and max-

imum of the error in five causal, stable, allpagsto-S
transforms, where the error is defined as in (7).

If G(s) is a causal, stable allpass function (i.e., its poles
are in the left half plane), then stable discrete-time filters (i.e.,
their poles are inside the unit circle) are transformed into stable
continuous-time filters. A stable discrete-time pole at

is minimized, wherel’ is the effective sample period of the
system.H(s) and H(z) are related as in (5)(s) should be
stable if H(z) is stable.

With the given error criteria, the optimak(s) is a ratio
of polynomials in seconds whose frequency respdR&g?)
approximates—! = ¢/« For simplicity (and with no loss of
generality), assume the sampling peribé= 1 (in seconds) so 7= 20, |70] < 1 (9)
that? = w1 = w; the continuous-time frequengyis equal to
the discrete-time frequency. The design of7(s) is the same s transformed into continuous-time polessat= s, via the
as designing acontinuous-timefilter whose frequency respomigghsform [see (4)] so thatgl = G(s0).

G(jw) approximates—* = ¢~/ on the interval-7 < w <7 From (9)

or 0 < w<n if the coefficients are real. Algorithms for

this standard filter design problem are common (e.g., Matlab |G(s0)| > 1. (10)
functioninvfreq9. The optimization routine calculates the real-

coefficient numerator and denominator polynomialszffs) From the properties of allpass functions,|@(so)| > 1, then

that minimize the error R{so} < 0; the transformed pole locations are in the left half
' plane, and the transformed filter is therefore stable.
ec(w) = |G(jw) — e« (7 4) Unconstrainedz-to-S Transforms: Allpass  functions

are constrained to have the same order numerator and
at N (e.g., N = 1024) equally spaced frequencies n< denominator [see (8)], which may result in unnecessarily
w < m. The order of the numerator and denominafds(s) complex transformed filters. The unconstrained transform
and G,4(s) can be specified independently. Higher ordeallows independent specification of the numerator and
transforms improve the accuracy of the approximation bdenominator order. For stability, the order of the numerator
increase the order of the resulting filter. For example, a fourtshould be less than or equal to that of the denominator;
order transformG(s) [i.e., the highest order of7gz(s) and otherwise, the magnitude of the frequency respddsgw)|
G 4(s) is 4] transforms amth order discrete-time filter into a approaches infinity as the frequency increases. Table Il shows
continuous-time filter of ordedn. the average, standard deviation, and maximum value of the
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TABLE i Filter Designed With (2,2) Z-to-S Transform
ACCURACY OF UNCONSTRAINED Z-TO-S TRANSFORMS
Standard 5
Order of Order of Average Dev?:ﬂ;:l of Maximum
G G
B(8) A(s) Error [dB] Error [dB] Error [dB] o
[dB]
1 3 -32.9 -33.1 243 st
1 4 -46.6 -46.1 -36.4
-10 “
2 6 -103.5 -102.4 914 )
3 5 -109.2 -108.3 97.3 8 .
I
3 6 -128.8 -1278 -116.4 2o \ N ‘
1Yy nt
4 5 -1322 -131.2 -119.9 Y o
4 6 41518 -151.1 -139.3 n o
_30F [ : :'
3 7 -148.5 -1474 -135.7 by ; 'fl
3 8 1428 -1415 1298 a5} _3 P . : . . |
/7 [rad/s]

error in nine stableZ-to-S transforms, where the error isFig. 2. Sixth-order continuous-time filter (solid) designed with (Z2)o-5
transform compared with original third-order discrete-time filter (dashed).

defined as in (7) o Note that frequency response matching is necessary onkyon< w <«
The unconstrained optimization converges to the allpags shown.

solution when the order of the numerator and the denominator
are the same, indicating that the allpass function is the optin}gj axis in the s domain. When starting with IR discrete-
solution given the squared-error criteria [see (7)]. _ time filters, one should always confirm the stability of filters
Note that not all combinations of numerator and denom'”aésigned with thisZ-to-S transform.
tor order lead to stable transforms (i.e., some stable discretegggg transforms for designing HFB’s should be stable,
time filters can be transformed into unstable continuous-tim&y, order, and fairly accurate (better than approximateB6
filters) unless the transform is allpass. For discrete-time filtefg maximum error). The following cases meet these criteria
H(z) that are causal and have a finite impulse response (FIR)here (B, A) refers to the order of the numerat6¥s(s)
the poles ofGG(s) should be in the left half plane so that theq denominatoG 4 (s)]: (2.2), (1,3), (1,4), (4,4). The (2,2)
transformed filtet (s) [as defined in (5)] has poles in the leftyransform is the most practical since it is the lowest order
half plane and, therefore, is stable. For discrete-time filteferefore, lowest hardware complexity), and it provides a
that have an infinite impulse response (IIR), determining #aximum error of—26 dB, which is about as accurate as
the poles of transformed continuous-time filti(s) will lie 5 hardware implementation could be built (i.e., even if the
in the left half plane is most easily done with numerical Montgansform had better accuracy, hardware component variations
Carlo techniques. _ ~ would make it difficult to build filters whose frequency re-
A Monte Carlo analysis was performed for all combinationgyonse matches the specified frequency response closer than
of numerator and denominator order @f(s) up to order ten ahout—25 dB absolute error). The synthesis filters designed in
to determine which transforms yield stable filters. A giveRection IV-B compensate for the inaccuracy of the transform,
G(s) is used to transform a discrete-time filter with a pole afng the calibration of the HFB compensates for inaccuracy in
z = z0,|%0| <1 into a continuous-time filter, and the poles of hardware implementation. Recall thakth-order transform
the resulting filter are calculated to determine if they are in thgynsiates amth-order discrete-time filter into a continuous-
left half plane and, therefore, stable. The process is repeajgge filter with ordernk so that one drawback of the (2,2)
over a large number of random, uniformly distributed polgansform is that it yields continuous-time filters with double
locationsz, to provide a good approximation of the locationghe order of the original discrete-time filter.

and percentage of unstable cases. 5) Design Results:The allpass (2,2¢-to-S transform is
The Monte Carlo analysis confirms that the order of the 2 5054 10.3
numeratorGg(s) should be less than the order of the de- G(s) = 5 =005+ 20 (11)

nominatorG 4(s) for the transform to yield stable filters. For s +5.0s +10.3
all the cases listed in Table II, all poles 6f(s) are in the As depicted in Table I, this transform approximates =

left half plane so that FIR filters are transformed into stable’~ with an average error 0£36 dB and maximum error
continuous-time filters. Results from the Monte Carlo analysis —26 dB. Note that the approximation is only valid for
reveal that a very high percentage of the resulting continuouss < w <, which is the only frequency region needed by
time pole locations using the cases listed in Table Il wethe HFB. Fig. 2 depicts the accuracy of the approximation for
stable; therefore, the vast majority of stable IIR filters aredr < w <4~.

transformed into stable continuous-time filters. The unstableUnlike the bilinear transform, which maps discrete-time
filters were cases when poles near the unit circle in #hefrequencies to continuous-time frequencies with a nonlinear
domain were transformed into poles just to the right of thieinction, this Z-to-S transform attempts a linear mapping,
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thereby preserving the frequency response. For the second- Dovgn Amalyers Filtes
order transform above; = 0 rad/s in the discrete-time domain Section IV-A (Off-the-shelf filters,
translates ta2 = 0 Hz in the continuous-time domain, and iterative optimization, Z-to-5)
w = 7 rad/s translates t&® = +/10.3 =~ = Hz. S Sy:mms p—~—
Using well-known discrete-time filter bank design tech- frequency response, Fy(e™),
nigues, a two-channel, third-order discrete-time PR FIR filter l'igfdli’;;f;ﬁg:ﬁcams:g)ﬁm
bank was designed, yielding two third-order discrete-time - ¥
analysis filtersHo(z) and H; (z) and two third-order discrete- | Guess
time synthesis filterd’,(z) and F(z). The Z-to-S transform FIR Synthesis Filter length, L
was used to transform the discrete-time analysis filters into y
two sixth-order continuous-time analysis filtef(s) and ™ Guess system deley. 4
fIl(s) via (5). This HFB (which was comprised of sixth-order L] ~
continuous-time analysis filters and third-order FIR synthesis Calculate M Synthesis Filters, Fi(z)
filters) yields2.83 x 10~2 dB average deviation from 0 dB Use Wr"fé::’,:ﬁ;w{;y;nmwwp"(dm)
distortionand—43 dB averagaliasing The optimal synthesis
filters designed in Section IV-B significantly improve the — mxi:mionmor
distortion and aliasing error. Eqﬁm @7
Using the same third-order prototype PR FIR filter bank

above, a new HFB was designed with the allpass (4;49-S
transform

st — 18.85% + 16652 — 7T71s + 1543
s* 4+ 18.853 + 16652 + 771s + 1543°

G(s) = (12)

The resulting HFB (12-order continuous-time analysis filters
and third-order FIR synthesis filters) yields5 x 10~° dB
average deviation from O dBistortionand—119 dB average
aliasing

Repeat to find lowest filter length, L,
and still provide required accuracy

Fig. 3. Synthesis filter design algorithm based on inverse FFT.

B. Design of Synthesis Filters are in (13) and (14), shown at the bottom of the page, on
Given the analysis filters (which are designed with any dffie interval0 < w <m, where7 is the sample period of the
the methods described above: standard off-the-shelf anatgpband ADC's.
filters, constrained iterative optimization, df-to-S trans- This section presents a method for designing the length
form), the synthesis filters are designed to minimize the FIR synthesis filtersiy(z) = SEZL filn]z~™, whose
reconstruction error as measured by distortionandaliasing frequency responseék(ej“) optimally approximate the ideal
functions (2). Thedistortion should be small (e.g., less tharPR frequency responsds,(¢’*) in a squared-error sense
a tenth of a decibel deviation from ideal 0 dB), and the w
aliasing should be less than the desired SFDR of the system € = /
(e.g., 80 dB for a good 12-bit ADC). This section presents a
computationally efficient algorithm that iteratively adjusts thé0 find the minimum, this error function is differentiated
system delay! [as defined in (1)] and calculates the optimafVith respect to the impulse responfgn]. Using the general
FIR synthesis filters with a squared-error criteria. Fig. 3 showglationa|* = aa*, (15) can be expanded to
the flowchart for this synthesis filter design algorithm. T s s i A s e e
1) Design of Synthesis Filters Using Inverse Fast Fourier ¢ = / (&) F3(e”) = Fi(e”)F ()
Transform: Given the system delay and the analysis filters PRSI SN Tk e
H,(s), the PR constraints in (2) can be solved for the = () F(e") + Fi(e)Fi () dw. (16)
frequency response of the ideal synthesis filtéigc’“). Using the definition of the Fourier transform
Equation (2) forms a set of/ simultaneous equations linear

|F(e) = Fa(e")]? dw. (15)

-7

-7

in the M unknown synthesis filters, which can easily be —— f, iy = Ad Z fk[n]e—jw" = g dwno,
solved with standard linear algebra techniques. For example,dfk [no] dfx[no] .27
the frequency responses of the ideal synthesis filterafot 2 a7
» o H (j2(w —m)/T)
Fo(e/) = e 94— : , , 13
o) Ho(G20/ TV H (7200 — 1)/ T) — s 72/ ) Ho(G2(w — 7)/T) -
. . Ho(12(w —
Fl(ejw) :e—jwdT O(J (w 7I-)/T) (14)

H1(j2w/T)Ho(j2(w — 7)/T) — Ho(j2w/T)H1(j2(w — m) /T)
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Differentiating the error yields function
dey, T P
- Fr(ede—dwna o fr (pdw)edwno A IS
Tt = | BT B Aln) = V) win) 23
— F{(&@®)e %m0 — Fy(e?*)e 09 dy = 0.
(18) where the boxcar function is
The definition of the inverse Fourier transform is 1. 0<n<L—1
. 1T [n] {0’ L<n<N @4)
flol = 5 [ B em e (19)  Lsns
™ —T

) _ . R Equation (23) represents a general, computationally efficient
Assuming real-valued impulse responses [iln] = fi[n] filter design algorithm that calculates the optimal, length

and Fji(ejw) = Fi(e77¥)], (18) can be simplified to L, real-coefficient FIR filter f,[n], whose frequency re-
N = on iom sponse matches a desired frequency respadige’>) =
4m fi[no] — 2/ Fi(e?)e’*™ dw = 0. (20)  Agesivea(e’) with a squared-error criterion.

_ o 2) Iterative Optimization of System Delayjthe design of
Therefore, the impulse response of the synthesis filter thatB's requires specification of the system dethfas defined
minimizes the squared error is simply the inverse Fourigf (1)], which can be optimized to further reduce the squared

transform of the ideal frequency response error. The system delaymust be the same for allf synthesis
R 1 /7 o filters; therefore, the joint error function should be used to
Ji[n] = g/ Fr(e’)e!" dw (21) optimize the delay for all the synthesis filters simultaneously
which can be calculated with the computationally efficient fast M-1 ,
Fourier transform (FFT) algorithm. €= sk = Z / |Fx (%) = Fi(e’))? dw.  (25)
When calculating the inverse Fourier transform of the ideal k=

frequency response expressions, care must be taken to ensure
that the synthesis filters calculated have real coefficienfgvaluation of the error is easier in the time domain than in the
The Fourier transform must be conjugate-symmetric for if§¢quency domain. By Parseval's relation, minimizing (25) is
impulse response to be real. The Fourier transform of the id€&uivalent to minimizing

synthesis filters are specified over the interak w <7 as

in (13) and (14); therefore, the conjugate-symmetric Fourier

=

1—1

transform of the ideal synthesis filters fromr < w <= (or > (frln] = frln])*. (26)
equivalently0 < w< 27 as used in some FFT algorithms) k=0 n=-eo

can be formed by taking the complex conjugate of the FOU”Erom (22) and (23)

transform o < w < 7, reversing it in frequency, and moving

itto —7 < w< 0 (or 7 < w < 2r). Furthermore, the symmetry

and 2 periodicity properties of conjugate-symmetric Fourier ML N (%)

transforms require the imaginary part of the transform to be €= Z Z

zero at frequencies that are integer multiplesrpthis should k=0n=L 27

be forced manually since the ideal synthesis filter expressions

[e.g., (13) and (14)] are not guaranteed to meet this properishe error is minimized by iteratively adjusting the system
Therefore, (21) [where the frequency response of the idefd|ay 4, recalculating the synthesis filters [see (23)], and
filters Fy(e/~) is forced to be conjugate-symmetric] Y'e|d$repeat|ng until the energy in the truncated coefficients [see
the real-coefficient impulse response of the synthesis filtqesz)] is minimized. Standard minimization algorithms, such as
that minimizes the squared error (15). Equation (21) can Rfatlab’s fmin, can be used. Note that the system delay is not
evaluated numerically with the computationally efficient FFhecessarily an integer. This optimization is computationally
algorithm. UsingV samples of the ideal conjugate-symmetrigfficient because it relies on iterated evaluations of the inverse
synthesis filter Fourier transfornd,(¢’*)|.=xp/v):P = FFT, and it can calculate optimal synthesis filters and system
0,1,---,N — 1, the N-point inverse FFTf,EA‘) [n] is the delay in a matter of seconds.
impulse response of the desired filter time-aliased evéry The synthesis filter lengti should be the smallest value
points. N should be chosen large enough that the impulskeat still yields the desiredlistortion and aliasing error. As
response has sufficiently decayed so that the @itfesingis mentioned earlier, thelistortion should be small (e.g., less

negligible (e.g..;N = 1024 points); therefore than a tenth of a decibel deviation from ideal 0 dB), and
N 1 (7 o the aliasing should be lower than the desired SFDR of the
M) ~ o / F(e™)e*™ dw = fi[n].  (22) system. In practice, the filter length should be chosen such

that thealiasing should be 6 to 9 dB lower than the desired
However, the resultingv-point impulse response is unnecSFDR to allow for the increase ialiasing that occurs when
essarily long; therefore, it is windowed with a lendgttboxcar implementing the synthesis filters with quantized coefficients.
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IT(¢/®)| Distortion

0.1

[dB] o

~0.05

v .
z) R(@)

— *M

6 o1 o0z 03 o4 05 05 o7 08 o8 1 Fig. 5. Discrete-time filter bank shown in matrix form with polyphase
|T1(ejm)| Aliasing filtering performed at subband rate.

The result is a PR filter bank (i.e., rdistortion or aliasing),
where the filter frequency responses are approximations of the
original unquantized filters with degraded stopband attenua-
tion and passband ripple, depending on the precision of the
guantization.

The resulting filter bank is implemented in hardware with
Fig. 4. Distortion and aliasing functions for CT HFB with sixth-order finite-precision arithmetic, which increases ttlistortion and
gﬂ:r'gs('jse;'i';?{jdd\iist'ﬁ”;gomtfn']t?fstéizgaoﬁr\?_Sf‘d length 64 FIR Synthes'Sal_ia.sing error, and is therefore not considered a PR filter bank.

Finite-precision arithmetic causes arithmetic operations to be
rounded to the internal wordlength of the hardware: an error

3) Synthesis Filter Design Result&ising the sixth-order that accumulates from stage to stage in the system. However,
analysis filters designed with the (2,2}-to-S transform in the error can be minimized to an acceptable level by gain
Section IV-A, the synthesis filter design algorithm was used frmalization between stages to maximize the dynamic range
calculate the optimal system deldy and the optimal length without overloading the signal.

L = 64 FIR synthesis filters. The optimal system delay was A four-channel example architecture based on a length-16
d = 49.9675. This HFB has2.7 x 10~* dB average deviation FIR PR cosine-modulated filter bank is investigated.

from O dB distortion and —86 dB averagealiasing as shown

in Fig. 4. This HFB would be suitable for systems up tQ | yssless Factorization

approximately 12 bits resolution since tladiasing error is o ) ]

below the SFDR of a good 12-bit device. The analysis filters are represented in matrix form as

The 12th-order analysis filters designed with the (44) M M
to-S transform in Section IV-A were accurate enough that H_O_(_Z) EO?(_/:? b EO’M___I_(Z )
further optimization of the original PR prototype synthesis Hu1(2)
filters is probably unnecessary. As stated in Section IV-A, B
this CT HFB with 12th-order analysis filters and lendihl= 4
FIR synthesis filters hak5 x 10~% dB average deviation from
0 dB distortion and —119 dB averageliasing This system
would be would be suitable for systems up to approximately
16 bits resolution. h(z) = E(zM) e(z). (28)

[dB]

=110
1

L I n n " L L ' .
1.1 12 13 14 15 16 1.7 18 1.9

/7 [rad/sec]

J\l) J\l)

E]\4_170(Z Ej\l—l,l\l—l(z

1

Z_l

i

The Type | polyphase representation is used to move the
. ) ) . analysis filters after the downsamplers; therefore, the filtering
Due to the analog implementation, the design of discretg- done more efficiently at the subband data rate, as shown

time HFB's faces several obstacles not found in traditiong Fig. 5. E(z) is the analysis filter polyphase matrix, and its
discrete-time filter banks. Discrete-time analog filters such @5.1) element is

switched-capacitors or CCD’s have multiplier coefficient quan-

V. DESIGN OF DISCRETETIME HYBRID FILTER BANKS

tization constraints, limited internal precision, and clipping or i .

overflow that are not limiting issues in a traditional digital Ba(z) = Z hi[Mn + 127" (29)
signal processor (DSP) implementation of discrete-time filter nETee

banks. The synthesis filter polyphase matd =) has similar form.

This section presents the design of DT HFB's with quan- o pR giscrete-time filter bank with the paraunitary prop-

tized coefficients that provide near-PR even with Iimitegrty is designed using standard design methods [23]. The
internal precision. The technique of lossless factorization Bﬁraunitary property is

paraunitary filter banks in [24] and [25] is modified to allow
for limited multiplier coefficient precision, limited internal
precision, and clipping. An existing paraunitary PR discrete-
time filter bank (such as a cosine-modulated PR filter bamkhere E(z) = ET(1/2*), E'(z) is the transpose conjugate of
[23]) is factored into lossless factors, each of which can (=), andz* is the conjugate of. (Note that the factor: is
guantized to any precision without altering the PR propertysed in throughout this paper to denote an arbitrary, honzero

[eat

(2)E(z) = ol (30)
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vy St

s Vo Vano Fig. 7. Implementation of unitary factolg,,.

—a— implemented
lVll‘ll2 as —m_
Yl ¥ml The unitary matrix H, from (33) is factored with the

T Householder factorization so that it can be quantized without
ML L affecting its unitary property
Fig. 6. Implementation of lossless factdis,, ().
Ho=0aG Gy Gryo1D (37)
scaling factor.) The relationship between the analysis filters .
and the synthesis filters is whereD is a constant diagonal matrix. The unitary factors are
iteratively factored out ofH

R(z) = azVE(2). (31) )
Gr. = Hu*T — wu's, (38)
The filter bank is PR because the transfer function of the filter
bank is simply a scaled delay where them x 1 vectorsy, can be quantized independently
to any precision without affecting the unitary property. As
R()E(z) = az_NE(z)E(z) —ar N1 (32 above, the unitary factors are implemented with fixed-precision

multiplier coefficients. The implementation of each unitary
Householder factor is shown in Fig. 7. Note that the factor

Vaidyanathan develops a lossless factorization of a pareTu-|2 is implemented as above
Uk

nitary polyphase matrix [24], [25]

2_ 2 2 2
E() = alUn(:Un-1()- - Us()H,  (33) ] = o i = e (39)

whereH, is anM x M unitary matrix(ﬂ*oﬂo = al), and the since !t would pormally require hlghgr precision mult!pller
coefficients, which are not available in some analog imple-

integer N is determined from the determinant of the polyphasé )
matrix mentations.

The full factorization of the analysis filter polyphase matrix

.

det E(z) = az™" N >0, a#0. (34) A . .
E(z) = aUn(2)Un_1(2) - Ur(2)G1Ga - - Grr—1 D.

The lossless factors are iteratively factored out of the (40)
polyphase matrix From (31), the synthesis filter polyphase matrix can be ex-
pressed as
_ 2 -1 A A ~ ~
Unn(2) = loml*T = ' + 2w (35) R(z) = aDGy—1Gu—2---GiU'2(2) - -Un(z)  (41)

where them x 1 vectorsy,,, can be quantized independentlywhere the lossless factdf,,,(z) is defined as
to any precision without affecting the lossless property. The , L )
. . . I . — ool T
lossless factors are implemented with fixed-precision muilti- Uin(2) = 27 |um|™ ] + vmttm = 27 Ut e (42)

ipslIi[1c():v?/iﬁilr?E?tSIGTRit?ﬂzmﬁzt?ggn of 2e iasc?mlolsesr:fesr?tgz(:tﬁrote that the vectors,,, in U’,,.(z) anduy, in &y, are identical
as shown 9. Q| P to those in the analysis filter polyphase factorization so that

no further computation is required to calculate the synthesis
y ) ) ) filter polyphase factorization. Assuming full internal precision
[Um|® = V5o + Vit 0+ U o1 (36)  arithmetic, the PR property in (32) can be verified for the HFB
implemented with this polyphase factorization and quantized
since it would normally require higher precision multiplieqi.e., integer) coefficients.
coefficients, which are not available in some analog imple- 1) Quantization Algorithm:The following quantization al-
mentations. Note that this requires more multiplications, bgbrithm is used to calculate the-bit filter coefficients that
analog multipliers are relatively small and do not significantlgpproximate the infinite-precision filter coefficients specified
add to the hardware complexity. in the vectorsy,, and uy. In general, a real numbey is
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quantized ton-bit precision H (&)
0

Q(y) = inty x 27 (43)  [dBl-20f —— T

0 01 02 05 04 05 06 07 08 09 1
such thatQ(y) is as close tay as possible. The integént, o/ [rad/sec]
is in the range of allowable:-bit integers (e.9.—2"7* < Fig. 8. Analysis filter frequency response with 5-bit coefficients (solid)
inty < on=1 _ 1 for two's complement integers), and thecompared with infinite precision coefficients (dashed).
integer p specifies the “binary point.” Ify is positive, the
binary pointp is chosen to be the maximum integer sucls the inverse. This assures that the worst-case signal does not
that y < maxval x 27, where maxval is the maximumexceed unity, thereby maximizing the dynamic range of the
positive integer allowable im bits (e.g.,2"~! — 1 for two’s  system while preventing overflow. The three checkpoints for
complement) the synthesis filter lossless factdré,,(z), are similar to those
for U,.(z). Fig. 7 shows the two check points for the unitary

1- (44)  Householder factor€yy,.

= |log
p {OgQ maxval
If y is negative, the binary poimtis chosen to be the maximumC Design Results

integer such thayy > —minval x 2P, where minval is the _
minimum negative integer allowable in bits (e.g.,2"—* for ~ An M = 4 system based on an FIR length 16, PR cosine-

two’s complement) modulated filter bank was designed. The filters were factorized

as in Section V-A, and the resulting filter coefficients were

y quantized to 9 bits (signed binary). Optimal normalization

P= ﬁog? anJ (45) factors were calculated as in Section V-B and quantized

to 9 bits. The filter bank with quantized coefficients was

The vectorsy,,, andu, must be quantized to the same binaryerified to be PR. The original cosine-modulated filter bank

point p and should be chosen as in (44) and (45) so that thad—31.5 dB stopband attenuation, and the 9-bit quantization
largest magnitude value in the vectors does not overflow tbethe coefficient decreased stopband attenuation to o2

allowablen-bit integers. Given the binary poipt the integer dB. The frequency response is not significantly altered by

int, is rounded to the closest integer gg2”. even extreme quantization; with 5-bit coefficients, stopband
attenuation was still better than20 dB, as shown in Fig. 8.
B. Normalization Simulations were performed on the = 4 system with

In the HFB, the implementation of the filters have finite?-Dit coefficients implemented with finite-precision arithmetic
internal precision, which introduces inaccuracies that increa@% appr%(]lmate a df|n1!fte-preC|3|on sampled_—anall;l)g wpfplemﬁn-
the distortion and aliasing errors. Normalization factors aretat'on)‘ € round-oft error does not_not|cea_ y a ef:t the
used to maintain the highest dynamic range possible, whi fauency response stopband attenuation, but it does increase
minimizes the effect of roundoff error and controls this- € distortionandaliasingerrors in the filter bank. With inter-

tortion and aliasing errors to below the desired SFDR of th@al precision limited to the equivalent of 15 bits, the maximum

system. To approximate these finite-precision effects, imerrﬂilasing_error was at—_70.5 O!B' _With internal precision limited
to 20 bits, the maximunaliasing was —105 dB. Note that

calculations are rounded to an equivalent number of “bits. ) :
good 12-bit ADC has an SFDR of approximately 80 dB

Without normalization, signals are attenuated through eaE]Sz. heref he | | . f led |
stage in the factorization, thereby reducing the signal-to-noi I, therefore, the internal precision of a sampled-analog

implementation of an HFB should be better than the equivalent
To maximize the dynamic range of the system, normaliz f 17 bits so thagliasing errors do not limit the resolution of
tion factors should be calculated to make signal gain as cl & HFB.
to but not exceeding unity. The normalization factor must be
chosen such that the signal gain can never exceed unity since
overflow will occur, causing extreme clipping error in the filter This paper develops efficient algorithms for the de-
bank. sign of A/-channel, maximally decimated, uniform band-
Fig. 6 shows the three points (I, Il, and Ill) in the losswidth continuous-time HFB’s and discrete-time HFB’s. The
less factorlU,,(z) where overflow can possibly occur. Thecontinuous-time hybrid filter bank analog-to-digital converter
normalization factor3,, beforel,,(z) should be the largest employs continuous-time analog analysis filters and discrete-
magnitude possible such that signal gain does not exceed utiitye digital synthesis filters. The filters are designed with
at points I, 11, or lll. The cumulative transfer function for theenough stopband attenuation to attenuate the effects of
system from the input to each of these three points is calculat@ismatches between the converters in the array, which
for each successiv¥,,(z) factor. The maximum amplitude otherwise severely limit the resolution of the system. The
signal that can occur at these points occurs when the ingilter cutoff should be as sharp as possible to simplify the
signal is such that the coefficients in the cumulative transfealibration. This paper develops a discrete-time-to-continuous-
function add coherently. The worst case (maximum gain) tifme (“Z-to-S”) mathematical transform similar to the Pade’
the three check points is noted, and the normalization factpproximation, which converts a discrete-time filter to a

ratio and increasing the effect of the round-off error.

VI. CONCLUSIONS
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continuous-time filter with approximately the same frequency
response. This enables PR discrete-time filter banks to
transformed into near-PR continuous-time hybrid filter banks.
A stable second-order transform has frequency-respon$s
matching better than-28 dB, and a stable fourth-order
transform has matching better thar99 dB. Note that a
kth-order transform converts arth-order discrete-time filter

into a continuous-time filter with ordetk.
With continuous-time analysis filters designed with the

to-S transform (or other methods), the discrete-time synth
filters are designed to minimize the filter bank reconstructi
error. An efficient algorithm based upon the fast Fourier
transform is developed, and it calculates the optimal redf]
coefficient FIR filters that minimize the squared reconstruction
error in a matter of seconds. A continuous-time HFB witfi2]
sixth-order analog analysis filters and length 64 FIR synthesa%]
filters with 2.7 x 10~* dB average deviation from 0 dB
distortion and —86 dB averagealiasing error was designed [14]
with the Z-to-S transform and the FFT filter design algorithm.
The discrete-time hybrid filter bank analog-to-digital confs]
verter employs discrete-time analog analysis filters (such
switched-capacitors or CCD’s) and discrete-time digital sy
thesis filters. A lossless factorization technique is used to
design the filters. A paraunitary, PR discrete-time filter barlk”]
is factored into lossless factors that can be quantized withqug)
affecting the PR property. A gain normalization technique is
used to maximize the dynamic range by reducing the eﬁeéilsg]
of round-off error in a finite-precision, sampled-analog im-
plementation. A four-channel discrete-time hybrid filter ban
based on a PR, FIR, length 16, cosine-modulated discrete-ti
filter bank with —31.5 dB stopband attenuation is designed
using this lossless factorization. With 9-bit filter coefficientd?1]

stopband attenuation was still better thar29 dB. In a

sampled-analog implementation with the equivalent of 15 bits
internal precisionaliasing error was less thar-70.5 dB and

with the equivalent of 20 bits internal precisialiasing error
was less than-105 dB.

. ; . . : [z
Due to the inaccuracies associated with analog implementa
tions, the design of hybrid filter banks is more challengings]
than for conventional filter banks. The HFB architecture
itself is less sensitive to analog mismatch errors such as
gain, phase delay, and dc offset in the subband converters.
The efficient design algorithms presented in this paper are
developed with analog implementation issues at the forefront.
With proper calibration, the hybrid filter bank has the potenti
to overcome analog inaccuracies and provide very high-spe
high-resolution conversion of signals between analog a

digital.
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